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5.1 INTRODUCTION
This chapter we finalize the probability distribution of seven integrals hypergeometric function
and I-function.
The results are obtained with the help of seven integrals involving hypergeometric function.
Since I-function is one of the most generalized function of one variable studied so far, it not
only contains Meijer’s G-Function, Fox’s H-function and Inayat Hussain’s H-function as
special cases, but also inludes most of the commonly used functions. Therefore from our
results, a large number of known as well as unknown results for G, H and H-function can be
obtained.
5.2 RESULTS REQUIRED
The following seven integrals involving hypergeometric functions obtained earlier by Nagar
[108] will be required in our present investigations then finalize probability distributions.

First Formula
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Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants o and  are such that none
of the expression 1+a, 1+, 1+oax+p(1-x), where 0<x<1, is not zero.
Then by definition of probability distribution, we have from (5.2.1)
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Elsewhere, folf(x)dx =1
Where f(x) = FZ(a,1 — a, e;
Second Formula
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Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants o and  are such that none

of the expression 1+a, 1+p, 1+oax+p(1-x), where 0<x<1, is not zero.
Then by definition of probability distribution, we have from (5.2.2)
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Elsewhere, folf(x)dx =1
Where f(x) = FZ(a,1 — a, e;
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Third Formula

f xX T -x)°°[1+ax+pB(1—x)]2*1F2(a,1—a,e %) =
F()M(c—e+DI() M(e~5e3a%2) Go2a))
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Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants o and  are such that none
of the expression 1+a, 1+, 1+oax+p(1-x), where 0<x<1, is not zero.
Then by definition of probability distribution, we have from (5.2.2)
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Elsewhere, folf(x)dx =1
Where f(x) = FZ(a,1 — a, e;
Fourth Formula
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Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants o and  are such that none
of the expression 1+a, 1+, 1+oax+p(1-x), where 0<x<1, is not zero.

Then by definition of probability distribution, we have from (5.2.2)
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Fifth Formula
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Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants o and  are such that none
of the expression 1+a, 1+p, 1+oax+p(1-x), where 0<x<1, is not zero.
Then by definition of probability distribution, we have from (5.2.2)
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)dx =

Elsewhere, folf(x)dx =1
Where f(x) = FZ(a,1 — a, e;

Sixth Formula
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Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants o and 3 are such that none
of the expression 1+a, 1+, 1+ox+p(1-x), where 0<x<l1, is not zero.
Then by definition of probability distribution, we have from (5.2.2)
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Where f(x) = FZ(a, 1 — a, e;
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Seventh Formula
fol x 1A -1 1+ax+ B —-x)]%"Fi(a,1-a,e:
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Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants o and  are such that none
of the expression 1+a, 1+, 1+ox+p(1-X), where 0<x<l1, is not zero.

Then by definition of probability distribution, we have from (5.2.2)
fx)

)dx =
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Elsewhere, [ f(x)dx = 1
Where f(x) = FZ(a,1 — a, e;

MAIN INTEGRALS
In this section, the following probability distribution of seven integrals involving
hypergeometric function and I-function will be evaluated.

First Integral
fol x1(1—x)°°L1+ax+ B —x)] 2¢teF2 (a, 1-
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1/2a+1/2+K) 1m_in (Bj/Bj) > 0,0>0, |arg(z)| < 0,,, where 6 is same as given. Also the
sjsm

mn+3
p+3 q+2(

constants a and f such that none of the expressions 1+a, 1+, [1+ax+p(1-x)], where 0<x<1,
is not zero.
Then by definition of probability distribution, we have from (5.3.1):
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Elsewhere, folf(x)dx =1
Where
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Second Integral
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is not zero.
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Then by definition of probability distribution, we have from (5.3.2):(x)=
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Elsewhere, folf(x)dx =1
Where
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= F2 _ P Sl
f(X) Fi (a’ z2-ae 1+ax+B(1—x) [1+ax+p(1-x)]?4 (B;.B;:1) (B,B;;b))
J mm+1 J q
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Provided £>0, Re(c-e+1+4) 1m_in (Bj/B;) > 0, Re(c+£) 1m_in (Bj/B;) > 0 and Re(c-1/2e-
<jsm sjsm
1/2a+1/2+K) 1m_in (Bj/B;j) > 0,0>0, |arg(z)| < 6,/,, Where 6 is same as given. Also the
<jsm

constants a and f§ such that none of the expressions 1+a, 1+, [1+ax+p(1-x)], where 0<x<1,

IS not zero.
U=t m T Gewt)
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Then by definition of probability distribution, we have from (5.3.3):
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Fourth Integral
1 (1 —x)°°L1+ax+ p(1—x)]2cte

2 (1+a)x =mn
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sjsm
constants a and f such that none of the expressions 1+a, 1+, [1+ax+p(1-x)], where 0<x<1,
is not zero.
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Elsewhere, [ f(x)dx = 1
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Fifth Integral
[ 271 (1 — 0 e[ 1 + ax + B(1 — x)]2c+e-2F? (a, 1-

0
a. e (1+a)x )Imn( xl(l—x)l l(a]‘A}'a])p dx
" 1+ax+p(1-x) [1+ax+B(1—x)]2/1 }_(Bl.,Bj;l)mm“ j(p,Bj,-bj)q
Ir(e)l(a1)
*U
22071(1+a)¢(1+B)¢~¢+1T (@)l (e—a)
( )
(e—c-1,2;1),.(1—c,4;1).
Im+1n+3(< z (zle 2a ”‘1) (ajAj; a,) (e—¢,41) §
p+4,9+3 Y ) (1+a)(1+B) (e—c—1,41) _(Bj,B]-;1) .
L BBy b,) (e+a—2c—1,24; 1)( —ia+%—c,1 1)}
( (e—c—1,4;1),.(1-c,4;1).
[+, n+2( z (Ze+2____C1'11) (aj4j; aj) (e=c,A;1) )
+2,q+3
lp+2,q (1+a)(1+B) | (e—c+1,2;1) _(;;]-,B,.;1) N '(B"'Bf;bi)q
\ (e+a—2c—1,22; 1)(-—c+___ cii1) )

Provided £>0, Re(c-e+1+4) 1m_in (Bj/B;) > 0, Re(c+£) 1m_in (Bj/B;) > 0 and Re(c-1/2e-
<jsm sjsm
1/2a+1/2+K) 1m_in (Bj/B;j) > 0,0>0, |arg(z)| < 6./, Where 6 is same as given. Also the
<jsm

constants a and f such that none of the expressions 1+a, 1+, [1+ax+p(1-x)], where 0<x<1,
IS not zero.

Go 32+ IG—on
U: 21e 21a i ,V: 1Ze 1Za
M(oetsaz) Taetaa1)

Then by definition of probability distribution, we have from (5.3.5):f(x)=

r'er(a-1)
22811 e +pyc—et1ir@ree—a
(l
|

(e—c—1,4;1),.(1— C/11) ]I

( +——c)_1) (a}A a] (e c, ;1) =
I

)

-m+1n+3 2e 2a

*Ulp 14,43

(1+a)(1+ﬁ) (e_c—l,l;l) (ﬁ'B'l) B B b
mm

‘I

\
|
)

(e+a—2c¢—1,24; 1)( —cA; 1

Ze_Za 2

(e—c—1,41),.(1—c,A;1).

1 1
(z+za—7-c14 1)
v 1m+1"+2( z (a]-,A]-, a]) (e—c,A4;1)

P+24+3 1) 14 a)(14p)

(e—c+1,41) (/3 Bj1)

mm-—1

,(ﬁ.,B-;b-) (eta—2c—1,24;1)
j

(——c+Ze 7a ——C,A; 1)

2xe=1 (1—x) " [ 1 ax+B(1—x)] 2 u
=0
Elsewhere, [} f(x)dx = 1
Where

f(x) = F% (a, 2 — a, e: — DX )

1+ax+B(1-x)
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/1(1 x)A -(a]"Ai; a]')p

Kz
P4 1+ ax+ B(1 — x)]?2 (ﬁ],B,, 1) ]_(ﬁ, B;; b;)

q
Sixth Integral

11 —x)°° 11+ ax+ B(1—x)]2¢+eF2 (a, -a,e: —1+;:;z:_x))

1
fo [mn xA(1-x)* j(ai’Ai;ai)p dx
Pa [1+ax+p(1-x)]24 (Bj.Bj:1) (B.Bj:b;)
J mm+1 J
( | (1-c+e,2;1),.(1—c,2;1).
r(e)l'() gmn+s (1- C+ze+z“) (@45 5), ]
22u+1(1+a)v(1+3)f er(e— a) P+3 ,q+2

(1+a)(1+ﬂ) i(ﬁj'Bj;l)m.mﬂ i(ﬁj'Bj;bj)q

1 1
(1—Zc+e+a,2/1,1)(1—c+%—ﬁ,l,1)

( )
fmn+l ( (e-c-1,41),(1-¢41)
3042 (1+“)(1+l”) jeiBit) (i),

k (e+a-2c-124; 1)(——c+————c/1 1)}

Provided £>0, Re(c-e+1+4) 1m,in (Bj/B;) > 0, Re(ct+£) 1m_in (Bj/B;) > 0 and Re(c-1/2e-
<jsm <jsm
1/2a+1/2+K) 1m_in (Bj/Bj) > 0,0>0, |arg(z)| < 8,,, where 6 is same as given. Also the
<jsm

constants o and f such that none of the expressions 1+a, 1+, [1+ax+p(1-x)], where 0=<x<1,
is not zero.
TGt o G

U=—T T V=g .15

(3e%2a3) (3e+2a-1)
Then by definition of probability distribution, we have from (5.3.6):

F'eX'a-—1)
22 1+ (1 + B) " 'T(@r(e —a)

*

—_
—_/

(e—c—1,4;1),.(1—c 4 1).

1 1 ) . _ )
Uim+1 n+3 VA (ﬁ + ﬁ' ¢ )" 1)‘,- (aj’Aj' a])l’(e G A’ 1)
Pt YA+ )@+ B) B
(e—c—-1,41) ,(/;.,B,--1) (B, Bj; b;)
mm+1 J q
(e+a—2c—1,24 1)(2e N 1)

(e—c—1L,A41),. 1-ci1).
1,1 1 _ _
st L2 z (E tag 7z L4l ) (), 4j; a)) (e —c A1)

V.1,420+3 ( )
Al [CETTICEy 3] I (8,B51)  (B,B;by)

(e+a—2c‘—1,2/1;1)(%—c+zle 7a— A1)
fe) = 1uc—1 c—e —2c+te
Lx(1—x) [1+ax+p(1—x) dx
=0
Elsewhere, [ f(x)dx = 1
Where

- 2 . (+a)x Tmn
f(X) - Fl ((l, 2-ae: 1+ax+ﬁ(1—x)) Ip'q
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] A1 — ) -(“i’Ai; “i)p
[1+ax+ B —x)]* BB 1) (BB b))

Seventh Integral

c-1 (1 _ +\c—e—-1 _ +\]-2ct+e 2 _ . (A+a)x
x1(1-x) [1+ax+ B(1—x)] Fl(a,l a,e.—1+ax+ﬁ(1_x))

1
fo mn x/l(l_x)/l j(aj’Aj;aj)p
lp.q [1+ax+B(1-x)]24 dx
ax+p(1-x ;(BiBji1) j(B.Bj:b))
mm+1 q
_ I'(e) *
220(1+a)(1+B)C~€I'(e—a)
(
(1- c+e/1 1),.(2—c,4;1). )
[mnt3 ! z (1 C+2e+2 '11) (e A a,-)p
3,q+2 -
p+ q+ 1+a)(1+p) ,(ﬁi,B]-;l) .(Bj,Bj;bj)
J mm+1 J q
\ (1—Zc+e+a,/1;1)(—c+%—i,l;1)j
( (e—c—1,2;1),.(2—c,A;1) )
1 1 1
mn+3 (< z (E—C+Z+E,A;1),i(aj,Aj;aj)p |
+3,q+2
pi3as2{| G {BiBi) - (B;Bjibj)
m.m q
\ (e+a—2c+1,22;1) G—c+z—1€—%—c,l;1))
............................................................................................ (5.3.7)

Provided £>0, Re(c-e+1+4) 1m_in (Bj/B;) > 0, Re(ct+£) 1m_in (Bj/B;) > 0 and Re(c-1/2e-
sjsm <jsm
1/2a+1/2+K) 1m_in (Bj/B;j) > 0,0>0, |arg(z)| < 6,/,, Where 6 is same as given. Also the
<jsm

constants a and f such that none of the expressions 1+a, 1+, [1+ax+p(1-x)], where 0<x<1,
IS not zero.

U="Ge"2a"2) Ge2a)
=71 1 1) 71 1)
Getzas) Taetza)
Then by definition of probability distribution, we have from (5.3.7):f(x)=
I'e)
2a

21+ 1+ °re-a)

V=

(1—c+e,A;1),.(2—c,A;1).
(1—c+2—le+%,/1;1) _(a]-,A]-; a-)

Uimn+3 ( z ]
p+3,4+2 (1+a)(1+P) _ -
R O 2
(1—Zc+e+a,A,1)( C+21e 21a)‘ 1)
(e c— 111) (2 c,A;l)
Imn+3 z ( _c+2e+2a’)' 1) (aj'Aj; aj)p
' ]‘ m+1 ] ] q
(e+a—2c+1,24; 1)( —c+ﬂ ﬁ—cl 1)
fxet (1-x)" " A tax+B(1-x)|
=0
Elsewhere, [ f(x)dx = 1
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Where

- 2 . (+a)x Tmn
f(X) - Fl ((l, 1-ae: 1+ax+ﬁ(1—x)) Ip'q

z x*(1—x)* ]_(a]-, A a]-)p
— 127
[1+ax+B(1—-x)] ]_(ﬂj, Bj; 1)m.m+1 j(ﬂ» Bj; bj)q

5.4 PROOF OF THE INTEGRALS

In order to prove the integral (5.3.1), we proceed follows:

Denoting the left hand side of (5.3.1) by I, expressing the I-function by means of
its contour integral as given, we have

| = fol X711 —x)°[1+ax+ B(1 —x)]2cte-1F2 (a, 1-

. (1+a)x ~—1 M (1-x))Ax
@ ée: 1+ax+B(1—x)) X (2mi) f 6(s) [1+ax+B(1—x)]24x

Now, Change the order of Integration which is seen to be justified by the application of well-

known De L Vallee Poussion’s theorem, We have:

! = @mi)™t [ 6(s) Z5{f, x“ A1 (1 — ) [1 + ax + B(1 —
-2c-2Ax+e—1p2 _ . (Q+a)x

x)|caAxreIF] (a, 1 a,e.—1+ax+ﬁ(1_x)) AX }AS.cueininininininiiiieirnnnn (5.4.2)

Now, if we evaluate the intetgral with help of known result (5.2.1), we have, after little

simplification
K@ (55~ 73)

225(1 + @)*(1 + B)** 1T (e ~ )T (5 — 5a)
[F(c+A0T (c+Ax—c+ DI (c+Ax—-—o+3)]
O (1+a)lx(1+ﬁ)lxr(c+xx+%—2—1e+%)r(zc+z/1x—a—c+1)]
On interpreting the result thus obtained with the help of definition of integral
(1.5.7), We arrive the right hand side of (5.3.1).

In exactly the same manner, the results (5.3.2) to (5.3.7) can also be established
with the help of the results (5.2.2.) to (5.2.7), respectively.

5.5. SPECIAL CASES

1.In (5.3.1) to (5.3.7) if take 3; =1, j = n+1....., p, we get the following integral
involving H — function introduced earlier by Inayat Hussain [68] and Gaur
[2003].

First Integral

fol x1(1—x)°%[1+ax+ (1 —x)]%cte-1F?2 (a, 1-

1= (2mi)~1X

X

j(@j4jia;)
P

(1+a)x ) =mn 2 (1-x)%

—_— dx
1+ax+p(1-x)) P4 [1+ax+B(1-x)]24 i(B"'B";l)m.mH j(ﬁ’Bi;bi)q

rEerc—o) *
225(1+a)°(1+)*~e+11(2+2 )T (e—a)

1
2a

1 1.1
ITIm'n+3 z (e—c,l;1),.(1—c,l;l).(i—c+ﬁ+ﬁ,l;1),l-(a]-,A]-; aj)p
p+3,q9+2 N L L

( 1,1
(1+a) (1+B) ](BI,B],I)mm+1 ]_(ﬁ,Bj;bi)q(e+a—2C,Zl;1)(54’5—%—(51;1)

Provided the condition easily obtaible from (5.3.1) are satisfied. Then by definition of
probability distribution, we have (5.5.1):
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I(e)r (Ze Zia)

*

1 1
225(1 + @)¢(1 + B)* 1T (5 + 5=) T(e — a)
( )
(e—c,A41),.(1—-c A1)
1 1 1
gmnss ) z (= C+5gt5g.41)(a; 45 a)p
p+3a+2\\ (T + ) (1 +
(1+a)1+5) (B B;;1) (B.Bj; b;)
mm+1 q
“ \ (e+a—2¢,22;1)(3 + 55 — gz — ¢, 4 1)
flx) =
fol xt(1—x)°[1+ax+p(1—x)] 2+ ldx
=0
Elsewhere, folf(x)dx =1
Where

.A,. .
(1+a)x —mn A (1-x)* ,-(“1' l'a])p
p.q (

fX)=F(a1-ae———
( ) 1 (a' ae 1+ax+B(1-x) [1+ax+B(1-x)]24 (8.Bj:1) (B.Bj:bj)
J mm+1 J q

Second Integral
21 (1 = 0L 1+ ax + B(1 — x)] 2+ 1F} (a, 2 —

e: (1+a)x ) dz xA(1-x)% j(aj'Aj;aj)nmﬂ(aj’Ai"af)p
) = _ p.q —x)]24
1+ax+B(1-x) [1+ax+B(1-x)] j(ﬁi’Bj;l)mm_,_l j(ﬂ,Bj;bj)
: q

_ r(e)l(a1) *J
220-1(1+a)°(1+p) - ¢*1r(a)l (e-a)
(e—c,2;1),.(2—c,4;1)
mn+1 ( 2 (——c+29+ﬂl 1) (a,-,A,-; a,-)p >)
p+3 q+2 i
A+a)(1+B) | (B;,Bj;1) (B.Bj;bj)
J mm+1 J q
L (e+a—20,21;1)(%+%—%—C,/1:1)J
.
(e c,A;1),.(2—c;1). )
1
Hmn+1 Q z (Ze 2a C}Ll) (e a]) >) )
v ..(552
p+3,q+2
1+a)(1+p) _(B]-,B]-;l) .(ﬁ,Bj;bj)
J mm+1 J q
\ (e+a—2c,ZA;1)(1—c+2—1e—i,/1;1)}

Provided the condition easily abatable from (5.3.2) are satisfied. Then by definition of
probability distribution, we have (5.5.2): where

Us 26 22) _TGe2a13)

Tarrze) Ttz

Then by definition of probability distribution, we have from (5.5.2):
=0
Elsewhere, [ f(x)dx = 1
Where

(ajAj;a;
(1+a)x xr(1-x)* ,( jA 1)p

1+ax+ﬁ(1—x)) pa ( 2 itaxtpa—n)A j(ﬁi'Bi;l) I-(ﬁrBjibj)
mm+1 q

f(x) = F? (a,Z —a,e:
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Third Integral
fol xX 1A —-x)°L1+ax+ B -

_ 101 (ajAja;)
x)]2¢cte-1p2 (a,—a,e:—(lm)x )Hzl,',n( P ) = d d dx
1+ax+B(1—x) ¢ [1+ax+B(1-x)] j(ﬂj.Bjil) j(ﬂ;Bj;bj)
mm+1 q

I'(e)l(cr) *U
22“ 11+a)(1+B)¢ et 1T (a)l (e—a)

(e—c,A;1),.(2—c,A;1). (——c+ +L2; 1) (aj.Aj; a]-)

mn+1 ( 2e 2a
i3 q+2 (1+a)(1+l>’) j(Bj’Bj;l) ([g Bj; b}) (e+a-2c22:1)(3+5-—--—c ;1)
(e—c,l;1),.(2—c,/l;l).(—+——c,l;1) (@45 @)
+1 2e 2a i P
;"’_{_’; q+2( )......(5-5-3)

(1+a)(1+ﬂ) (BB i(p,B,-;b,-)q(e+a—2c,2/1;1)(2—19—i—c,/1;1)
Provided the condition easily abatable from (5.3.3) are satisfied. Then by definition of
probability distribution, we have (5.5.3):
Uz Ge2d _ \y=LGe2a")

r(2e+2a 1) ’ r(2_1e+i_%)
Then by definition of probability distribution, we have from (5.5.3):
f(x)

Frel'a-1v . "
2”1+ af@A+p) ' Te—a
( o-cny 1.1 .
UIm:;+12(<| 2 (e—¢,4;1),.(2—c,A;1). (2 C+2e+2a’11) (e 455 @),
P32 V1 +a)(1+ B : PNz 1 1.
| )(1+B) [(B;Bi1) - (B.Bjb) (e+a—20,21,1)<7—c+ﬂ L1
menﬂ ( 7 | (e—¢c,4;1),.(2—c,4;1). <Ze+21a_c11 1)l(a Aj; a])p
PHATZN T+ a)(1+B _ . 1 _
(1+a)(1+B) [(B;Bi1) - (B.B;b) (e+a—2c,21,1)<%—ﬁ—c,/1,1>
_ pact 1—x) [ 1+ ax+B(1—x)| " Cu
=0
Elsewhere, [ f(x)dx = 1
Where

f(x) = F2 (a, 2 —a,e: (1+a)x )_m'"

1+ax+B(1-x)
(ajAj;a;j
x}“(l—x)l ]( fiai/} ])p

(z 7
[1+ax+B(1-x)]2 j(ﬁj,Bj;l)m.mH j(ﬁ,Bj:bj)q

Fourth Integral
11 —x)°°L1+ax+ p(1—x)]2cte 1

2 _ . (1+a)x mn
Fi (a' ae: 1+ax+ﬁ(1—x))

Aia;
xA(1-x)t ,-(“1 ]a])p

(z 22
[1+ax+B(1-x)] i(ﬁj’Bi;l)m,m+1 j(ﬁ,Bj:bj)q

f 01

dx

I'(e)l(ar)
22a-1(14@)c(1+B)c~etIr(a)l(e—a)

*
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N

(e—c-1,2;1),.(1—c,A;1).
1,1
Hm+1,n+2( z (ﬁ*‘ﬁ'“C}“;l),i(aj‘Aﬁ aj)p(e-c A1) )
2,q+3 -
PRAATS 2 A+ (A+B) [ (e—c-1,41) (8;B;;1) (8;.Bj:b;)
| J mm+1 J q
k (e+a—Zc—1,,21;1)(1—c+2—le—i,/1;1)
( (e—c,2;1),.(1—c,A;1).
1 1
—m+1n+2 z (§+ﬂ—c—1,l;1),i(aj,Aj; aj)p(e—c,l;l)
V-Hpi2q+3 ( (1+a)(1+p) +)(5.5.4)
(e-c4;1) (B).Bj;1) (Bj.Bj:bj)
J mm-1 J q
(e+a—2c,ll;1)(%—c+%—i,l;1) )

Provided the condition easily obtaible from (5.3.4) are satisfied. Then by definition of

probability distribution, we have (5.5.4):

pel 1.1 pl 1
u="¢ I

2e 2a 2 — 2e 2a

1 1 1\ 1 1
F(ﬁ+ﬂ_§)_ _ F(z+z‘1)__ o
Then by definition of probability distribution, we have from (5.5.4):
Frela-1

c—e+1

2> 11+ )1+ B) " 'T@re-a
/ (e—c—1,41),.(1—c A1) \
1 1
Uﬁm+1'n+2 2 (2_e+ﬁ’_c A; 1)i(a]-,A]-; aj)p(e—c, A1)
U przats | T x e+ p) ’
(e—c—1,41) j(ﬁj, Bj; 1)m.m+1 ]_(ﬁj, Bj; b,-)q
1 1
(e+a—2c—1,24 1)(1 —Ctps—5ad; 1)
(e—c41),.(1—c A1)
1 1 ) ) .
Vﬁm+1'n+2( 2 .(§+ﬁ—c—1,1, 1)i(aj,A]-, aj)p(e—c,l, 1)
22 p+2,q9+3 1+a 1+B ’
( ) (e—c,4;1) ]_(ﬁj, B]-; 1)m , l_(ﬁj, Bj; b]-)
q
) 1 1_1 .,
o (e+a—Zc,1A,1)(7 ctsg Za,,l,l)
- -2
Pt (1—x) " 1tax+B(1—x)  Cax
=0
Elsewhere, folf(x)dx =1
Where

j(@j.Ajia))
P

1+a)x ) =mn A(1-x)%

fx)=F}(a2-ae:———
( ) l(a' ae 1+ax+p(1-x)/ P4 [1+ax+B(1-x)]24 (8,.Bj1) (B.Bj:b))
J mm+1 J q

Fifth Integral
fol x1(1—x)"1 1+ ax + B(1 —x)]2cte2F2 (a, 1 —

o o H@x ) —mn A (1-x)t ,-(“i'Ai"aj)p
s - r.q — )24
1+ax+p(1-x) [1+ax+B(1-x)]? i(ﬂj'Bj;l)m.m+1 ]_(B,Bj;bj)q
(e)l(e-1)

220-1(1 + a)¢(1 + )¢ 1I'(a)l (e — a)
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)
(e—c-1,2;1),.(1—c,A;1).
gpeaniac] s Gordmet) (amsadyce-esn |
P+4,4+3 %) (1+a)(1+B) (e—c—1,41) .(ﬁj'B‘il)
m+1
\ (8B b,) (e+a-2c-1,221)(5 —ia+%—c,/1,-1)J
( )
(e—c-1,4;1),.(1—c,A;1).
(i+i—l—c1 /1-1) (aA;; aj) (e—c,A;1)
V—m+1n+2(< z 2e 2a 2 7T)\NTPE) T p o )
+2,q+3
Hpi24 (1+a)(1+B) | (e—c+1,4;1) -(Bj'Bﬁl) . -(ﬁj'Bjibj)q
\ (e+a—2c-1,22; 1)(——c+——— cA; 1) y,
............................................................................................ (5.5.5)

Provided the condition easily obtaible from (5.3.5) are satisfied. Then by definition of
probability distribution we have (5.5.5):
1 1
) 5o 72
U— 2e 2a 2 V— Ze Za
Moetza)
Then by definition of probability distribution, we have from (5.5.5):
rere-1
221+ (1 4+ B)° ' r@re —a)

(e—c—1,41),.(1—-c ;1)

1 1
*Uﬁm+1"+3 ; (2 +og0 —cA; 1) (aj,Aj; aj)p(e—c, 1)
pH4at3 (VT + )T + B) IREP _(B.,B-;l) _(B.,B-;b-)
mm+1 q
1
(e+a-2c—1, 2/11)(2e 2at 2 c,11)

(e—c—1,2; 1) 1-c A1)

1 1
(ﬂ + 5= 2a 2 C1 A )
—m+1,n+2 7 (@), Aj; a])p(e ¢ 41)

-V. Hp+2 q+3 (
A+a)@A+p) . .
(e—c+1,41) j(ﬂj, Bj; 1)m.m—1

]_(ﬁj, Bj; b,-) (e+a—2c—1,241)

1 11
) = (THE_ﬁ_C“)
Bl A-x0T° 1+ ax+ B —x) T
=0
Elsewhere, [ f(x)dx = 1
Where
_ 2 —a e —1TOx
f(X) =Fi (a' 2-ae: 1+ax+ﬂ(1—x))
\aj, A;; a;
Im,n VA 1(1 x)ll ( il ])p
p.q
14 ax+B(1—x)]? (ﬂ],B], 1) j(ﬁ, Bj; bi)q

| 2 1AJESM
“

Volume-3, Issue-I 97


mailto:iajesm2014@gmail.com

International Advance Journal of Engineering, Science and Management (IAJESM)
ISSN -2393-8048, Juanuary-June 2015, Submitted in February 2015, iajesm2014@gmail.com
Sixth Integral

1+a)x
X T1—-x)°11+ax+ B(1—x)]"2%*F? | a —a,e:
1 ( ) [ A )l 1 1+ax+p(1—x)
,(a-,A-; a;)
Of im,n z 1(1 x))L pe p dx
X
[+ ax+pA -] (BJ'BJ' 1) -(ﬂ' Bj; bj)
m+1
(1- c+e11) (1-c,A;1).
= LY wyUF™t3 (é (1-ct5ph3001) ("‘1 Aj; aj), L
220+1(1+@)°(1+p)c=eT(e-a) ~  PF3.4+2 |(1+a)(1+ﬁ) (BB L BiBrby) |
q
k (1-2c+e+a24; 1) 1 c+———/11)
( | ‘
— (e-c-1,2;1),.(1—c,4;1)
V. H( z >
W (pyB1) j(BiBiby)
(e+a-2c— 1,21;1)(%—c+%—i—c,l;1) )

Provided the condition easily obtaible from (5.3.6) are satisfied. Then by definition of
probability distribution we have (5 5.6):

MG 5ata o
2e 2a 2 — 2e Za
V

(1 1 1 (1 1
r(§+ﬁ_i) Mzet3a1)
Then by definition of probability distribution, we have from (5.5.6):
I'el'a-1)
A+ o)A+ p)eetif(arl(e — a)

2a1

(e—c—1,41),.(1—c A1)

L
ﬁm+1,n+3 , ( 2q’ —c A >,i(aj’Aj; a]-)p(e—c, A1)
p+a.a+3 [ YT+ a)(1 + -
A+ OA+P e _c—1,21) _(ﬁ.,Bj;l) (B, Bj; b))
mm+1 J q
(e+a—2c— 1,,2/11)(28 2—1a+%—c,/1;1)

(e—c—1,24,1),.(1—c 4;1).
1 1 1
(%+ —cl, 4 ) (aj, Aj; a]-)p(e—c,/l; 1)

V. Hm+1n+2( Z 2(1 2 )
p+24+3 \ T+ a)(1 +
A+ A+B e cr1,21) [(B,B;:1) (8,851
- q
1 1 1
. \ (e+a—2c—1,2/1;1)(7—c+%—ﬁ—c,/1;1)
fx) = 1o0—1 c—e —2c+e
FxTF(1=x) [1+ax+B(1—x) dx
=0
Elsewhere, folf(x)dx =1
Where

- 2 (1+a)x Tmn
f(X) =F1 (a' z-ae: 1+ax+B(1- x)) I
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oy (@ 4j; “i)p
[1+ax+p(1—x)]* ([}],B], 1) j(ﬁ, Bj; b;)
m+1 q

Seventh Integral

c—1 __ .\c—e—-1 _ —-2c+e 2 _ . (A+a)x
x1(1—-x) [1+ax+ B(1—x)] F1{ (a,l a,e.1+ax+ﬁ(1_x))
1
fO Hm n( xl(l_x)l i(aj’Aj;aj)p dx
[1+ax+pA-01*| (g, ;1) {(B.Bj:bj)
J mm+1 J q
_ r(e) *U
22a(1+a)€(1+B)°€r(e—a)
( (1- c+el 1),.(2—c,4;1).
ﬁmn+3 ( z (1 C+Ze+2 ).1) (aj,A]-; aj)p
p+3,q+2 -
)R [ (8;.B;:1) ;(Bj:Bjibj)
mm+1 q
1 1
\ (1—Zc+e+a,l;1)(—c+£—ﬁ,l;1)j
( )
(e-c-1,2;1),.(2—c,A;1)
V. Hmn+3 (< z (_—c+2e+2a/11) (“i'Ai; ai)p
P+3.4+2%) (1+a)(1+8)
](ﬂ] j )m.m+1 ](B] J ])q
\ (eta—2c+ 1,21;1)(%—c+%—i—c,/1;1)1

Provided the condition easily obtaible from (5.3.7) are satisfied. Then by definition of

probability distribution, we have (5.5.7):

Go 32+ Go32)

U: 21e Zla i ,V: 21e Zla

Getzas) Taetaa)

Then by definition of probability distribution, we have from (5.5.7):
I'e

2" 1+a)(1+B)  ‘Te—a

(1-c+ei1),.(2—-c41).
1 1 . .
OH , <1—c+ﬂ+ﬁ,a,1)_(aj,A,-, @),
P32\ 1+ a)(1+ B _ B
D)
1 1 4.
(1- 2c+e+a/11( c+ T ﬁ’)"1>
(e—c—1,41),.(2—c41)
1 1 1 .
Vﬁmn+3 ( P (7_c+2—e+ﬁ;l: )-(“i'Ai' aj)p
PH3a2N 1+ a)(1+ ]
raif) (BB (BB
— (3 1 _1_ ..
. (e+a 2c+1,2,1,1)<7 c+ﬁ 7d C,A,l)
10—1 c—e—1 —2c+e
X (1—x) [1+ax+pB(1—x)] dx
=0
Elsewhere, [ f(x)dx = 1
Where
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f(x) = F2 (a1 - ae:

1+

(1+a)x ) mn

ax+pB(1-x)

1(1 x)l

(l’ j7 ])

Z[1+ax+ﬁ(1 x)]%4

2.In (5.3.1) to (5.3.7) if take g = 1,....

(B]’B]’l) m+1 ]( 4

Bj; bi)q
,n,and bJ —1, J=m+1,

following integral involving H — function introduced earlier by Fox[52].

First Integral

fol x1(1—x)°°[1+ax+ (1 —x)] 2t 1F2 (a, 1-—

) (1+a)x
€ 1+ax+B(1—x))

I'(e)

nmn
Hp,q

xl(l—x)l j(ai'Ai;ai)p

*

225(1+@)¢(146)~°+1IT(e—a)

r (Zle 213)

(e—c,4;1),.(1—c,4;1). (i—c+

2e ' 2a’

/11) (a]A a])

dx

[1+ax+B(1-x)]22 j(ﬁj’Bi;l)m.m+1 ].(B'Bﬁbj)q

XHm n+3

r(+a) p+3.q+2( (1+a)(1+B)

2e 2a

(5.5.8)

j(ﬁj‘Bj;l)m.m+1

l_(ﬁ,B]-;b]-)q(e+a—2c,2/1;1)(§ 76

1
2a

e

, g, we get the

Provided the condition easily obtaible from (5.3.1) are satisfied. Then by definition of

probability distribution,

we have (5.5.8):

mn+3 )
p+3 q+2(

\

1 1
F(e) (2~ 2a)
225(1 + a)°(1 + B)°—*1T (Zle a) Fe—a) T (% + 2—1a)
(
(e—c,A),. ( c+21+21a/1)
z (@, 4)p
(1+a)1+pB) (8 Bf)q
\ (e+a—2¢20)(5 + 55— ge— . 4))

fx) =
=0

Elsewhere, folf(x)dx =1

Where
f(x) = F? (a, 1—a,e:

Second Integral

(1+a)x mZmn
1+ax+ﬁ(1—x)) Hp'q ( z

2 (1-x)*

,-(“j:Aj)
14

fol xX1(1-—x)°°[1+ax+ B(1—x)] 2cte-1F2 (a, 2 —

. 1+a)x
€ 1+ax+ﬁ(1—x)) pq (

r(e)l(a1)

)

x(1-x)%

i(“j’Aj)p

[1+ax+B(1-x)]24

T22a-1(14a)° (14 B)°—¢* T (@) (e—a)
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(e— cl) (2—c2)
M) = gt () z (zctze +2a')‘)( 4j),

(L) Tptsar2\\ Troap ) )"
L (e+a—2¢,22)(3+55—2=—C.A)
( (e—c,1),.(2—¢,).
Mze2:t7) gl z (%+%‘C'A),i(“iﬂ4ﬁ)p
m Hyi3, q+z( TR ].(Bj,Bj) P ) eeeeeerernerenneeeennenanns
L (e+a—20,21)(1—cj-%—i,,1) )
.................... (5.5.9)

Provided the condition easily abatable from (5.3.2) are satisfied. Then by definition of
probability distribution, we have (5 5. 9) where

U= 1Ze 12a — Zle Zla i
Mzet34-1) F(ZJ“E_E)
Then by definition of probability distribution, we have from (5.5.9):
F'el'a-1
22¢71 1+a) 1+ ﬂ)c_e+1 Fale-a
I( (e—c¢,4),.(2—c,4). \I
1_ 1 1
*Uﬁmn+1 I z (2 c+ze+2a A)J.(a]"Ai)p I
p+3,q9+2 1 1
(1+a)(1+A) (BB )
_ 3_ 1_1
(e+a 2c‘,2)»)<7 c+% Z_a’)”)
(e—=c,4),.(2—c,A).
1 1
V Hmn+1 ( Z (Ze t5- Za C’A> (a]'A])p
p+34+2\ 1+ a)(1+
(1+a)(1+h) (B.B;by)
e+a—2c24 1—c+l—l,2
f09 = c—e ( )( —2c+e Ze la )
Fxl (1—x)" " [[1+ax+B(1—x) dx
=0
Elsewhere, [ f(x)dx = 1
Where
j(ai'Aj)p

(1+a)x ZFmn A (1-x)%
)Hya (

-2 _ . -~ -
f(x) = F1 (a, 2 - e A [+ax+B(A-0122 | (g5
At it q

Third Integral
fol xX 1A -x)°L1+ax+ B -
(@A)

—-2c+e+1 2 _ . (1+a)x gmn 2 (1-x)2 p
©)] Fy (a, @ e 1+ax+B(1—x)) Hyq G2 [1+ax+p(1-01**| (g ;) dx
J q

_ I(e)I () «
22¢-1(1+a)¢(1+B)¢~¢*1I(e—a)

(e—c,2),.(2—c,2). (——c+ +— /1) (aj,Aj)p

—m n+3 ( 2e 2a’ _
p+3 q+2 1+a)(1+ 1
( Ol)( B ]_(ﬁ,Bj)q(e+a—2c,21)(E+§—E—c,2)
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(e—c,l),.(Z—c,/l).(2—1e+i—c,l) i(ai'Aj)p

1 1
(1+a)(1+B) j(ﬁ,B]-)q(e+a—2c,2/1)(§—ﬁ—c,l)

mn+1 (

V. Hp+3,q+2

Provided the condition easily abatable from (5.3.3) are satisfied. Then by definition of
probability distribution, we have (5.5.10):

U= =Gty
Maetza) Ttz
Then by definition of probability distribution, we have from (5.5.10):
I'e "
2" T 1+ 1+p " 'Te-a

1 1.1
mni3 I/ 2 (e—c,4),.(2—c,A). (2 C+2e+2a /1), a JAj)

Ul 3442 ] p]i
p+34q ki(1+a)(1+ﬁ) _([g,B.) (e+a—26,2/1:1)( c+21e g J)
)

-mn+1 |

2a
+V. Ip+3q+2( (1+a 1+B ‘

(B, B;i1) [(BBjiby) (e+a~-2c,22 (25— 25 ¢4

m+1
c—1 T —2c+e
Jo X (l—x) [.1+ax+ﬁ(1—x)] dx

(e—c%1),.2-c A1) (5 +5-—c, ) (@, A;;

f) =

=0
Elsewhere, folf(x)dx =1
Where

— 2 . (1+a)x
f(X) =F1 (a' e 1+ax+[3(1—x))

- A:a;
xA(1-2)A j(“]’ ]a])p

Kz 2
[1+ax+B(1-x)]? j(ﬂ,Bj)q

Fourth Integral

1
fO fol (1 -2) [ 1+ ax + (1 — x)| FHEF? (a, 2 -

a,e:_(1+a)x )ﬁm'n({z 20 ( ") }
1+ax+p(1—x)/ P4 [1+axtp(1-x)]? (/z 5)
I'(e)l(a1) .
_22‘1_1(1+a)c(1+ﬁ)c_e+1r(a)l"(e—a)
( (e—c-1,1),.(1-c,A).
m+1n+2 z (2e+ﬂ C/l) (aj,Aj;)p(e—c,A)
Hpi2443 (3 1+a)(1+B) (e—c—1,2) j(ﬁi'Bj)q

\

1 1
\ (e+a—2c—1,,21)(1—c+ﬁ—z,l))

(e—c,A),.(1-c,2).
v Hm+1n+2( z (zg*'ﬁ_c 1/11) (a;.Aj; a,-)p(e—c,l)
P+2,4+3 \\ (1+a)(1+p8)

>)(5.5.11)
(e—c,41) ],(ﬁ,-,B,-;l)mm_l j(ﬁj'Bi;bj)q

\ (e+a—20,11;1)(%—c+%—i,/1;1) y,
Provided the condition easily obtaible from (5.3.4) are satisfied. Then by definition of
probability distribution, we have (5.5.11):

1 1.1 1 1
U="Ge2a%2) /= [Ge22)
_[‘(L_Fi_l), _I‘(l_l_i_l)
2e 2a 2 2e 2a
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Then by definition of probability distribution, we have from (5.5.11):
rerae-1

221+ a1+ r@re-a
( (e—c—1,2),.(1—c,A). )
A+a(1+p) (e—c—1,2) j(li’,-,B-;b-)
(e+a—2c—1,.2/1)( _‘—'+Zeq 21a )‘) )
(e—cA),.(1—c,A)
V.H, s ( a +a)z(1 +B) '(%Jr%_c_ 1"1)1 R
(e—c,A) j(B,-.Bj)
(e+a-2-1241)(3 _C"‘zle 2a%1)
) = P 1-0 T [ 1+ ax+B(1—x)| ey
=0
Elsewhere, [ f(x)dx = 1
Where

(1+a)x )—m,n 2 (1-x)2 i(aj'Aj)p

— 2 g e tOx
f(x) = F (a,Z il vevemey L X RS Lirvmmems (B.B))
J q

Fifth Integral
Jy 271 (1= )1 + ax + B — )] 24 2FE (a1 -

_rox ) g R R b
" 1tax+B(1-x) pq [1+ax+B(1-x)]22 j(ﬁ,Bj)q X
I'(e)
22‘1(1+a)c(1+ﬁ)c e+2F(e a)
( (e c—1,2),.(1-c,2). 1
1
—m+1,n+3 4 z (Ze 2a Cl) (“]’ ]) (e—c,h) $
Hp+4,4+3 ( (1+a)(1+B) (e—c+1,2) I)-
(Bj: ,) (e+a—2c— 12,1)(29—i+§_c,,1))
( w
(e—c—1,1),(1—c,A).
1,1
v gt n+2(< z (2e+E_E_C1 A) (“j»Aj)p(e—C./l) §
+2,q+3
p+2.4 (1+a)(1+8) (e—c+1,2) ]_(pj,B]-)q
1 1 1
\ (e+a_2C_1’2)“)(5_c+z_e_ﬁ_cr’1)J

............................................................................................ (5.5.12)
Provided the condition easily obtaible from (5.3.5) are satisfied. Then by definition of
probability distribution, we have (5.5.12):
A D

Maetzaz) | etz )

Then by definition of probability distribution, we have from (5.5.5):
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I'(e)
227 1+ )1+ B) ' Te—a)

/[ (e c—1,2),1-¢cA. ]\|
—=m+1,n+3 (21 2 CA) (a] ]) (e— )
*UH, 4 0s 4{(1+a)(1+ﬂ) ¢ (e“c 1,2 (/;. B)) |}|
q
Kl e+a-2c-1, 21)(26—%+%—C,A)J)

(e—c—1,1),1—c,A).

(ze*2a-2-<14),

—m+1n+2 z (@, ’) e-ch
—V.Hpz4:3 ( A+od+p (e—c+ 1,4
‘(p},,Bj) (e+a—2c—1,2%)

(; c+2—1e—%—c A)

1 fxet (1-0) [ 1+ax+B(1—-x)|
=0
Elsewhere, [ f(x)dx = 1
Where

f)=F2 (a2 - a e )

1+ax+B(1-x)

Hmn( xl(l _ x)/l ]-(af’ Ai)p
[1+ax+ﬁ(1 —x)]?4 _
](ﬁ’ B])q

Sixth Integral

c-1 _ s)Cc—e—1 B —2c+er2 _ / (1+a)x
xXT(1—x) [1+ax+p(1—x)] Fi (a, a,e.—1+ax+ﬁ(1_x))

fol —mn (1) /(i)
Hy, ( [1+ax+B(1-x)]?4 j(ﬂ,B,-): e
I'(e) *J
22“+1(1+a) (1+B)c~er(e—a)
( (1-c+e,d),.(1—c,A). )
11
Hm,n+3 (< VA (1_C+E+E'A)’l(a]'/1])p
p+3,q+2 B
(1+a)(1+p) j(ﬂj'Bj)q
1 1
L (1-2c+e+a,22)(1—c+5.—5-4))
( )
v ITIH — )z(1+ ) (e—c—1,2),.(1-c,A)
a)(1+f GEDS
L (e+a—2c—1,2/1)(%—c+i—i—c,l)j

............................................................................................ (5.5.13)
Provided the condition easily obtaible from (5.3.6) are satisfied. Then by definition of

probability distribution, we have (5.5.13):
1.1

Ze 2a 2 2e 2a
V=

=71 1 1
MGotzas) Taetaa1)
Then by definition of probability distribution, we have from (5.5.13):
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rere-1 .
22 1+ ayc(1+ ) 'T@r(e —a)
/ (e—c—1,4),(1—c,A).
1,1
Uﬁm+1n+3 z (2 *3a 2a’ CA) (a] A ) (e— )
p+4.q9+3 1 1 -
A+od+p) e—c1n .(B,-,B,-)
q
\ (e+a—2c-1,20) (55— 95 +3— ¢4
(e—c—1 A, —cA).
1,1
V. Hm+1n+2( z (2 t3a” 2 —cl, A) (aj,Aj)p(e—C y) )
P3N T+d+p)
(e—c+1,2) i(p}., B,-)
11
£ = (e+a—2c—1,21)( c+§e ﬁ—c,/l)
BxlA-x" 1+ ax+ B —x) € i
=0
1
Elsewhere, [ f(x)dx =1
Where
— 2 _ . (+a)x )—m,n
f)=F2 (a2 -a e~ ) Hpgq
1(1 x)l j(a]"Ai)p
‘Mtax+pd-—oA ]_(ﬁ, Bj)q
Seventh Integral
c-1 (1 _ 4\Cc—e-1 B —2ct+e 2 A . (A+4a)x
11— 1+ ax+ - D] X F (a1 - a e e —)
1
f() _ ( x}“(l—x)}* j(a]"Aj)p d
z x
pq [1+ax+B(1-x)]?4 j(ﬂ’Bi)q
i )
(1-c+e,A),.(2—c,A).
1 1
_ I'(e) *g™ n+3 4 z (1_c+§+ﬁ’1),i(aj'Aj)P
2201+ @) (1+B)¢~°T(e—a) P3.4+2%) (1+a)(1+) (8,.B;)
J q
\ (1—2c+e+a,/1)(—c+2—1e—i,/1)j
.
(e—c-1 l) .(2—c,2) )
v B™ n+3 (¢ z (__ +2e+2 "1) (“i'Aj)p
- p+3.q9+2
1+a)(1+B) j(pj’Bi)q
3 1 1
\ (e+a—2c+1,22) (E—c+i—z—c,A)J

............................................................................................ (5.5.14)
Provided the condition easily obtaible from (5.3.7) are satisfied. Then by definition of
probability distribution We have (5.5.14):

Motz M2

r(%‘i'i_%) ’ I‘(zle-"zla)

Then by definition of probability distribution, we have from (5.5.14):
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I'e
2”1+ af1+B) ‘Te—-a

(1—-c+ed),.(2—cA).

<UH™"" ( z (1 C+Zle+21a }‘) (@ 4)), _
P+3,q+2 (1+a)(1+ﬂ) (ﬁ B)
P

q
— 1_1
(1 2c+e+a,/1)< +2— T,A)
(e—c—1,4),2—-c¢,A)

1_ 1 1 .
mn+3 (7 ¢t2e T 2a’ /1) (af’Af’)p

VHyiage(iarayas
drateh) [B,8),
eta—-2c+1220(3-c+L-1_¢2
f@) = 1 c—(e—l )<2 —20+ge 2a )
(1-x) [1+ax+p(1—x) dx
=0
Elsewhere, folf(x)dx =1
Where
- 2 _ . (1+a)x Fmn
f(X) =F (a' 1-ae: 1+ax+B(1—x)) p.q
1(1 x)l j(ai'Aj)p

‘Mrax+pd-—n# .
ax x j(ﬁ'Bl)q

Similarly, other result can also be obtained.
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