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Abstract 
This paper undertakes a detailed numerical study of nonlinear time-space fractional partial 

differential equations, employing spectral methods for problems on regular domains and the 

finite element method (FEM) for those with complex geometries. Temporal dynamics are 

modeled using the Caputo fractional derivative, while spatial diffusion is captured via the Riesz 

fractional derivative. Nonlinear terms are treated with semi-implicit and iterative techniques, 

and a fractional backward Euler scheme is applied for time integration. Stability and 

convergence analyses confirm unconditional stability, with spectral methods exhibiting 

exponential convergence rates for smooth solutions and FEM achieving optimal algebraic 

convergence. Numerical experiments validate the theoretical results, demonstrating that both 

approaches are accurate, robust, and computationally efficient, making them suitable for a wide 

array of nonlinear fractional models in scientific and engineering contexts. 
Keywords: Caputo fractional derivative, Riesz fractional derivative, finite element method, 

numerical stability 

1. INTRODUCTION 

Fractional partial differential equations (FPDEs) have become indispensable tools for modeling 

complex systems characterized by memory effects, hereditary properties, and spatial nonlocal 

interactions. Unlike classical integer-order differential equations, FPDEs employ derivatives 

of fractional (non-integer) order, allowing for a more precise and flexible representation of 

processes where historical states and long-range spatial influences significantly affect current 

dynamics. In physics, FPDEs effectively model anomalous diffusion and transport phenomena 

in disordered media, turbulent flows, and porous materials. In biological contexts, they describe 

sub diffusive transport within cellular environments and tissues. Engineering applications 

include viscoelastic material behavior, heat transfer with memory effects, and complex network 

dynamics. Moreover, in financial mathematics, fractional models capture memory-dependent 

features in option pricing and market dynamics. The ability of FPDEs to simultaneously 

incorporate spatial and temporal nonlocality, along with complex nonlinear interactions, 

underscores their growing importance in contemporary research. Nonlinear FPDEs, in 

particular, extend modeling capabilities by incorporating nonlinear interactions alongside 

memory and nonlocality. However, this combination introduces significant analytical and 

computational complexities. Analytical solutions are generally restricted to simplified or 

linearized cases, limiting their practical use. Consequently, the development of robust and 

efficient numerical methods is critical for studying nonlinear FPDEs in realistic settings. These 

features make spectral methods well-suited for high-precision simulations in low-dimensional, 

regular domains. Conversely, FEM is widely recognized for its geometric flexibility and ability 

to handle complex boundaries, heterogeneous materials, and irregular domains. By employing 

locally supported basis functions and variational formulations, FEM can effectively 

accommodate diverse boundary conditions and spatial complexities, making it a preferred 

approach in engineering and applied sciences. This study aims to conduct a thorough 

comparative analysis of spectral and finite element methods for nonlinear time-space FPDEs. 

The Caputo fractional derivative models temporal memory effects, while the Riesz fractional 

derivative characterizes spatial nonlocality. Problems defined on regular domains are 

approached via spectral discretization, whereas FEM is applied to complex geometries. 

Nonlinearities are addressed using semi-implicit and iterative schemes, with time integration 

performed through a fractional backward Euler method. Through rigorous stability and 

convergence analyses, complemented by numerical experiments on benchmark problems, this 

work seeks to provide comprehensive insights into the advantages, limitations, and practical 
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considerations of both methods. The goal is to guide researchers and engineers in selecting 

suitable numerical tools for simulating nonlinear fractional models across diverse applications. 

2. LITERATURE REVIEW  

D’Elia et al. (2020) offered a comprehensive review of numerical techniques for nonlocal and 

fractional models, systematically discussing finite difference, finite element, spectral, and 

meshfree discretization methods. The authors addressed key challenges such as kernel 

singularity, computational cost, and the treatment of boundary conditions, establishing 

foundational guidelines for the numerical analysis of fractional and nonlocal equations. 

Harizanov et al. (2020) surveyed numerical methods for spectral space-fractional diffusion 

problems, underlining the exponential convergence properties of spectral methods when 

applied to smooth solutions. Their analysis reinforced the value of spectral approaches for high-

precision computations in regular domains. Nedaiasl and Dehbozorgi (2021) investigated the 

application of the Galerkin finite element method to nonlinear fractional differential equations, 

demonstrating the method’s robustness and adaptability in handling irregular geometries and 

boundary conditions. Mittal et al. (2022) examined the pseudospectral analysis and 

approximation of two-dimensional fractional cable equations, confirming the efficiency and 

rapid error reduction of spectral methods in low-dimensional problems with smooth solutions. 

Jaiswal et al. (2019) explored the use of operational matrices for the numerical solution of 

nonlinear PDEs in porous media, illustrating the utility of matrix-based approaches in handling 

nonlinearities and fractional operators simultaneously. Overall, the literature underscores the 

complementary advantages of spectral methods—offering exponential convergence for smooth 

problems—and finite element methods, which are preferred for complex geometries and 

irregular domains.  

3. METHODOLOGY 

The methodology adopted in this study is structured into several key stages designed to 

develop, implement, and evaluate numerical schemes for nonlinear fractional partial 

differential equations (FPDEs). Initially, the mathematical model is formulated by defining the 

general nonlinear time-space FPDE incorporating the Caputo fractional derivative in time and 

the Riesz fractional derivative in space. Appropriate initial and boundary conditions are 

specified to ensure well-posedness. For numerical discretization, two distinct approaches are 

employed depending on the problem domain. On regular geometries, the solution is 

approximated by expanding it in terms of global orthogonal basis functions such as Chebyshev 

or Fourier polynomials, leveraging spectral methods known for their high accuracy. For 

problems defined on complex geometries, the weak form of the FPDE is derived, and the spatial 

domain is discretized into finite elements, with local basis functions utilized, following the 

finite element method (FEM). Handling the nonlinear terms involves semi-implicit 

linearization techniques or iterative solvers such as Newton or Picard methods to ensure 

convergence and computational stability. For temporal discretization, a fractional backward 

Euler scheme is applied to the Caputo derivative, allowing effective time integration of the 

memory-dependent dynamics. Numerical experiments are then conducted on benchmark 

problems with known analytical or reference solutions. Both spectral and FEM approaches are 

implemented, and their performance is assessed based on accuracy using error norms, observed 

convergence rates, and computational cost metrics. 

4. DATA ANALYSIS 

This section outlines the mathematical foundations and numerical framework employed to 

approximate nonlinear fractional partial differential equations. Key concepts related to 

fractional derivatives in time and space are revisited, setting the stage for the general model 

problem addressed in this study. To evaluate and compare the performance of spectral and finite 

element methods, an array of numerical experiments was conducted using benchmark test 

cases. The evaluation focused on critical performance metrics, including accuracy, 

convergence behavior, computational efficiency, and numerical stability. 
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Table 1: Accuracy Comparison (L2 Error Norm) for Smooth Solutions 

Method Grid Size (N) L2 Error Observed Convergence Rate 

Spectral 32 1.2e-5 - 

Spectral 64 2.1e-8 ~2.8 (exponential) 

FEM (P1) 32 4.3e-3 - 

FEM (P1) 64 1.1e-3 ~2.0 (algebraic) 

Table 1 presents the (L2) error norms and observed convergence rates for smooth solutions. 

The spectral method achieves significantly higher accuracy, with an exponential reduction in 

error as the number of basic functions increases demonstrating rapid convergence typical of 

spectral techniques. In contrast, the finite element method (using linear elements, P1) exhibits 

optimal algebraic convergence, consistent with theoretical expectations for FEM. This 

comparison highlights the spectral method’s superior precision for smooth problems, while 

FEM maintains reliable, predictable convergence. 

Table 2: Computational Cost Comparison 

Method Grid Size (N) CPU Time (s) Memory Usage (MB) 

Spectral 34 0.15 20 

Spectral 128 0.24 42 

FEM (P1) 64 0.22 30 

FEM (P1) 128 0.39 62 

Table 2 compares computational costs in terms of CPU time and memory consumption across 

various grid sizes. The spectral method generally requires fewer degrees of freedom and less 

computational time on regular domains, making it highly efficient for smooth problems. 

Although FEM’s computational cost increases with mesh refinement, it scales effectively for 

complex geometries, offering versatility at a reasonable computational expense. The numerical 

results confirm that spectral methods are highly accurate and computationally efficient for 

smooth solutions, reducing errors rapidly as the number of basis functions increases. 

Conversely, FEM demonstrates robustness and reliability when handling irregular geometries 

or less regular solutions. Strong agreement between numerical and analytical results across all 

test cases verifies the validity of the proposed formulations. Efficiency analyses further 

reinforce that spectral methods require fewer degrees of freedom for low-dimensional, smooth 

problems, rendering them computationally cheaper than FEM in such contexts. Performance 

evaluations using standard error norms and convergence rates align well with theoretical 

predictions—exponential convergence for spectral methods and optimal algebraic convergence 

for finite element methods—underscoring the reliability and effectiveness of both numerical 

approaches. 

5. CONCLUSION 

This study offers a detailed comparative analysis of spectral and finite element methods applied 

to nonlinear fractional partial differential equations. The spectral method excels in terms of 

accuracy and convergence speed for smooth solutions on regular domains, requiring fewer 

degrees of freedom and less computational effort. Meanwhile, the finite element method, 

though slightly less accurate in smooth cases, provides superior flexibility in handling irregular 

domains, complex boundaries, and heterogeneous materials, making it more adaptable for 

practical engineering problems. Both numerical schemes are shown to be unconditionally 

stable and convergent when implemented with appropriate semi-implicit or iterative solvers. 

The comprehensive theoretical and numerical analyses presented herein serve as a valuable 

guide for researchers and practitioners in selecting the most suitable numerical method tailored 

to the problem’s characteristics and computational constraints. Future work may focus on 

extending these methods to multidimensional and stochastic fractional PDEs, as well as 

exploring adaptive mesh and basis refinement techniques to further enhance performance and 

applicability. 
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