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5.1 INTRODUCTION
This chapter we finalize the probability distribution of seven integrals hypergeometric function
and I-function.
The results are obtained with the help of seven integrals involving hypergeometric function.
Since I-function is one of the most generalized function of one variable studied so far, it not
only contains Meijer’s G-Function, Fox’s H-function and Inayat Hussain’s H-function as
special cases, but also inludes most of the commonly used functions. Therefore from our
results, a large number of known as well as unknown results for G, H and H-function can be
obtained.
5.2 RESULTS REQUIRED
The following seven integrals involving hypergeometric functions obtained earlier by Nagar
[108] will be required in our present investigations then finalize probability distributions.

First Formula

1 - c—e —2c+e— . (1+a)x _
Jpx P A -0 L1+ ax+p(1-x)] 2" Fi(a,1-a, e.—lmxw(l_x))dx r =
M) (c—e+DI(© [(c—5e5a+3)" (2e3a) 5.2.1)
220(1+@)°(1+4)* T (e~ D)l 2c—e—a+1) " [F(+ )T (c—tots)l -

Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants o and 3 are such that none
of the expression 1+a, 1+, 1+ax+p(1-x), where 0<x<l1, is not zero.
Then by definition of probability distribution, we have from (5.2.1)
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Elsewhere, [ f(x)dx = 1
Where f(x) = FZ(a,1 — a, e;

Second Formula
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Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants o and  are such that none

of the expression 1+a, 1+, 1+ax+p(1-x), where 0<x<l1, is not zero.
Then by definition of probability distribution, we have from (5.2.2)
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Elsewhere, [ f(x)dx = 1

Where f(x) = FZ(a,1 — a, e;
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Third Formula
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Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants o and  are such that none
of the expression 1+a, 1+, 1+ax+p(1-x), where 0<x<l1, is not zero.
Then by definition of probability distribution, we have from (5.2.2)
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fo Fi(a,1-ae:
Elsewhere, folf(x)dx =1
Where f(x) = FZ(a,1 — a, e;
Fourth Formula
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Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants o and  are such that none
of the expression 1+a, 1+, 1+ax+p(1-x), where 0<x<l1, is not zero.

Then by definition of probability distribution, we have from (5.2.2)
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Elsewhere, folf(x)dx =1
Where f(x) = F2(a,1 — a, e;
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Fifth Formula
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Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants o and 3 are such that none
of the expression 1+a, 1+, 1+ax+p(1-x), where 0<x<l1, is not zero.
Then by definition of probability distribution, we have from (5.2.2)
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Elsewhere, folf(x)dx =1
Where f(x) = F2(a,1 — a, e;
Sixth Formula
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Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants o and  are such that none
of the expression 1+a, 1+, 1+oax+p(1-x), where 0<x<1, is not zero.
Then by definition of probability distribution, we have from (5.2.2)
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Elsewhere, [ f(x)dx = 1
Where f(X) = FZ(a,1 — a, e;
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Seventh Formula
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Provided Re(c) >0, Re (e) >0 and Re(c-e+1) >0. Also the constants o and 3 are such that none

of the expression 1+a, 1+, 1+ax+p(1-x), where 0<x<l1, is not zero.

Then by definition of probability distribution, we have from (5.2.2)
fx)
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fol xt (A —x)°[ 1+ ax + (1 — x)]2+edx
=0

Elsewhere, folf(x)dx =1
Where f(x) = FZ(a,1 — a, e;

MAIN INTEGRALS

In this section, the following probability distribution of seven integrals involving
hypergeometric function and I-function will be evaluated.

First Integral
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Provided £>0, Re(c-e+1+4) 1m_in (Bj/B;) > 0, Re(c+£) 1m_in (Bj/B;) > 0 and Re(c-1/2e-
sjsm sjsm
1/2a+1/2+K) 1m_in (Bj/B;j) > 0,0>0, |arg(z)| < 6/,, where 6 is same as given. Also the
<jsm

constants o and f such that none of the expressions 1+a, 1+, [1+ax+p(1-x)], where 0=<x<1,
is not zero.
Then by definition of probability distribution, we have from (5.3.1):
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Elsewhere, folf(x)dx =1
Where
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Second Integral
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constants a and f such that none of the expressions 1+a, 1+, [1+ax+p(1-x)], where 0<x<1,
IS not zero.
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Elsewhere, folf(x)dx =1
Where

(1+a)x )-m,n A (1-x)2 JPE

Trax+B(1-x) [LraxtfU-DF | (g, p; y g35(3,15:,-;1;,—)({

f(x)=F2 (a2 - ae:

Third Integral
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Provided £>0, Re(c-e+1+4) 1m,in (B;j/Bj) > 0, Re(c+4) 1m_in (Bj/B;) > 0 and Re(c-1/2e-
sjsm sjsm
1/2a+1/2+K) 1m_in (Bj/B;j) > 0,0>0, |arg(z)| < 6./, Where 6 is same as given. Also the
<jsm

constants o and f such that none of the expressions 1+a, 1+, [1+ax+p(1-x)], where 0<x<1,
iS not zero.
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Fourth Integral
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Then by definition of probability distribution, we have from (5.3.4):
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Fifth Integral
f01 xT (1 —x) 1+ ax + B(1 — x)]|72¢+e2F3 (a, 1 -

(1+a)x ) ( xr(1-2)4 :-;(“i'Ai"ai)p dx
"1+ax+p(1-x) [1+ax+[2(1_x)]2/1 1( BB} 1)m'm+1 g'";(ﬁ,B,-:b,-)q
Ir(e)l(a1) 0
228-1(1+a@)c(1+)e+ 1T (@)l (e—a)
( \
(e—c-1,2;1),.(1—c,4;1).
m+1n+3(< z (zle 2a ”‘1) (@A) “1) (e—c41) )
p+4- ,q+3 (1+a)(1+8) (e—c— 111):2(1313 1)
m+1
I (p]B b]) (e+a—2c—1,22; 1)( —ia+%—ca 1)}
( (e—c-1,2;1),.(1—c,A;1).
m+1, n+2( z (2e+ﬁ_5_6111) (@A) ai) (e—c, A1) )
Tprages (1+a)(1+p) (e—c+1,,1;1)"“]f(/;,-,3,-;1) """ (p’], b))
mm q
\ (e+a-2c 121;1)(——c+—e—— c A 1) )

Provided £>0, Re(c-e+1+4) 1m,in (B;j/Bj) > 0, Re(c+£) 1m_in (Bj/B;) > 0 and Re(c-1/2e-
sjsm <jsm
1/2a+1/2+K) 1m_in (Bj/B;j) > 0,0>0, |arg(z)| < 65/, Where 6 is same as given. Also the
<jsm

constants o and f§ such that none of the expressions 1+a, 1+, [1+ax+p(1-x)], where 0=<x<1,
iS not zero.

U= Ge2at2) /o TGe 2D

IYEE S A S S Y
(3e%2a~2) (e%2a~1)
Then by definition of probability distribution, we have from (5.3.5):f(x)=

T(eT(1)
220711 gyc1+pyc—e+1r@rie—a)

(e—c—1,4;1),.(1—c,A;1).
( +— cll) (a}-A-;a]) (e—c,A;1)

*Uim+1n+3 4 2e 2a
p+4,q9+3 [ IIII
A+OA+B) (e—c—1,1,1) [(8,851) (8,B:b;)
(e+a—2¢—1,221) (35— ta—c A1)

(e—c—1,4;1),.(1—c,A;1).

(z5+a—3—cl, 11),

mtins2 z (a]-,A a]) (e—c,A4;1)

VIp+2 q+3 ( A+o)A+p| =

mm-—1

(ﬁ B; b) (e+a—2c-1,22;1)

(——c+Ze 7a ——C,A; 1)

2xe™1 (1—x) " | 1+ ax+B(1—x)] 2 Hu
=0
Elsewhere, [ f(x)dx = 1
Where

f(x)=F2 (a2 -a e )

1+ax+B(1—-x)
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/1(1 x)l ";(ai' Ai; a]')p

‘M+ax+pd-0A ](ﬂ, Bj; 1)m.m+1 ](ﬁ Bj; bi)q

Imn(

Sixth Integral

- —e— - (1+a)
xT (1 -2 11+ ax+ B(1—x)]2+eF2 (a, —a,e:m;(:_x))
fl Hapara)
0 Im,n 2 x}‘(l—x)’l I A i) P dx
pq 1taxtB1-o122 | T . P
[ BA=1* | ™ (p;,Bj;1) (B.Bj;bj)
J mm+1 J q

(1-c+e,A;1),.(1—c,A;1).
1 1
(1—C+2—8+E,A;1)’i(aj,/lj; a]-)p

(1+a)(1+ﬁ) ) g--‘Ii(;;,-,lse,-;b,-)q

— r'(e)l(e1) umnt3 (
T 22a+1(14@)¢(1+B) €T (e~ a) Ul i3,q+2

1 1
(1—Zc+e+a,2/1,1)(1—c+ﬁ—ﬁ,/1,1)

[ 1

m n+1 ( (e—c-1,2;1),.(1—c,4;1)
p+3 q+2 m
(1+a)(1+lf) (B;Bj1) (B;.Bj3bj)
J mm-1 J q
(eta—2c-1,21 1)(— c+————c,A 1)

Provided £>0, Re(c-e+1+4) 1m_in (Bj/B;) > 0, Re(c+£) 1m_in (Bj/B;) > 0 and Re(c-1/2e-
sjsm <jsm
1/2a+1/2+K) 1m_in (Bj/Bj) > 0,0>0, |arg(z)| < 8/,, where 6 is same as given. Also the
<jsm

constants a and f such that none of the expressions 1+a, 1+, [1+ax+p(1-x)], where 0<x<1,
IS not zero.

1
MGe2a®2) /=
U=—2 52 V=
(e+302)
Then by definition of probability distribution, we have from (5.3.6):
rer-1
22(1—1(1 +a)C(1 +ﬂ)c—e+1

*

I'a)I'(e —a)

(e—c—1,41),.(1-c41). \

1 1
-m+1,n+3 VA (Ze 2a’ —cA1 ) (apAp a]) (e—c 41)

Ubsgs  \AF 0@+ p

e—c—1,41) (B 1) ](p B;; b;)
mm+1 q

1.1 _
Je E"‘?—C,l,l)

(e+a—2c—1,,24 1)(

(e—c—1,41),. (1—c i)
1 1 1 ] .
“m+1,n+2 z (23 *t24 2a 2 —cl, 4 ) (aj. Aj; a]') (e—c A1)

Vipzgs (AToa+ p - ) ..... ( ) )

(e+a—Zc—1,2/1;1)(7—c+28

fG) = —
Px (1—x) [ 1+ax+B(1-x) 2”+edx

=0
Elsewhere, folf(x)dx =1
Where

- 2 . (1+a)x Tmn
f(X) - Fl (a' z2-ae 1+ax+ﬁ(1—x)) Ip'q
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] da-or | ( a;, Aj; 1)
[1+ax+ B(1—x)]?* (31,31,1) j( ,Bj; b;)
m+1 q

Seventh Integral

c-1 __ a\c—e—1 _ —2c+e 2 _ ) (1+a)x
x1(1-x) [1+ax+ B(1—x)] F3 (a,l a,e.—1+ax+ﬂ(1_x))

fl ;:::z(a_ 4ja))
0 mn xA(1-x)4 jorer ] p dx
P4 1) 7 [1+ax+B(1-x)]2 " (B;.B;i1) “(B.Bj:by)
mm+1 q
_ r(e) .
222(1+a)¢(1+B)¢ €I (e—a)
( (1—-c+e,2;1),.(2—c,4;1). )
1—c+i+i/1-1) (a;,Aj; a))
mn+3 (< z ( 2e 2a”” i el i} P
3,q+2 -
p+ q+ (1+a)(1+p) i(Bj'Bj;l)m.mu ]-(ijBjibj)q
\ (1—2c+e+a,/1;1)(—c+%—i,l;1)}
( (e—c-1,2;1),.(2—c,A;1) )
[rnt3 Q z (__c+2e+z 2% 1) (a;4); ai)p |
+3,q+2
P N rad+h) i(ﬁj'Bj;l)m.mﬂ f(ﬁj'Bj;bj)q
\ (e+a—2c+1 2/1;1)(——c+—e———cl 1))
............................................................................................ (5.3.7)

Provided £>0, Re(c-e+1+4) 1m_in (Bj/B;) > 0, Re(c+£) 1m_in (Bj/B;) > 0 and Re(c-1/2e-
sjsm <jsm
1/2a+1/2+K) 1m_in (Bj/B;j) > 0,0>0, |arg(z)| < 65/, Where 6 is same as given. Also the
<jsm

constants a and f such that none of the expressions 1+a, 1+, [1+ax+p(1-x)], where 0=<x<1,
iS not zero.

U="em D ol
=71 1 V771 1y
MGetzaa) | Taetsa)
Then by definition of probability distribution, we have from (5.3.7):f(x)=
I'e)
2a

2 (1+a)c(1+ﬁ)c_el‘(e—a)

(1 c+e11) (2 c,A;l).
(1 Ct+ss + /11) (a-A--a-)p

j
BB

(B] Bjb; )q
(1—Zc+e+a,1,1)( c+zle zla}‘ 1)

-mn+3

*UL, 3 g42( (1+d)z(1+ﬁ)

(e—c— 1,2; 1),.(2—c,l; 1)

-mn+3 VA (%_C-i_%-l_%’kl) (a' Aj; aj)p

VL, 13 442( A+a)1+B)| =
'(Bi’B.; )mm+1 J(ﬁ] )q

1
(eta—2c+1,24; 1)(7 Ctyo— Za—cll 1)

A+ax+p(1-x)] TEte

rxe (1-x) 7Y

=0
Elsewhere, folf(x)dx =1
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Where

- 2 . (1+a)x Tmn
f(X) - Fl (a' 1-ae: 1+ax+ﬁ(1—x)) Ip'q

(1 — 24 ey,
‘Mtax+pd -0 ]_(ﬁ,-, Bj; 1)m.m+1 ](3 Bj; bi)q

5.4 PROOF OF THE INTEGRALS

In order to prove the integral (5.3.1), we proceed follows:

Denoting the left hand side of (5.3.1) by I, expressing the I-function by means of
its contour integral as given, we have

| = fol X711 —x)°[1+ax+ B(1 —x)]2cte-1F2 (a, 1-

. 1+a)x ~—1 xAx(1-x))Ax "
@ e 2 )X @mi) [ 6(s) T 2508 e (5.4.1)

Now, Change the order of Integration which is seen to be justified by the application of well-
known De L Vallee Poussion’s theorem, We have:

I = 2ri)~! [ 6(s) Zs{fo1 xCHAx-1 (1 — x)etAx=e[1 + ax + B(1 —

—2c-2Ax+e-1p2 _ . (Q+a)x
)] F? (a,1 a,e.—1+ax+p(1_x)) AX S eeeeeeeeeeeeeeeeeeeeeeeeeen (5.4.2)

Now, if we evaluate the intetgral with help of known result (5.2.1), we have, after little

simplification
1
I'(e)r (Ze ﬁ)

225(1 + @)*(1 + B)** 1T (e ~ )T (5 — 5a)
[F(c+A0T (c+Ax—c+ DI (c+Ax—-—ot3))]
f 0(s) (1+a)’1x(1+B))~xl‘(c+)\x+£—£+i)I‘(Zc+Z/1x a—c+1)]
On interpreting the result thus obtained with the help of definition of integral
(1.5.7), We arrive the right hand side of (5.3.1).
In exactly the same manner, the results (5.3.2) to (5.3.7) can also be established
with the help of the results (5.2.2.) to (5.2.7), respectively.
5.5. SPECIAL CASES
1.In (56.3.1) to (5.3.7) if take a; =1, j = nt+1....., p, we get the following integral
involving H — function introduced earlier by Inayat Hussain [68] and Gaur
[2003].
First Integral

fol x1(1—x)°%[1+ax+ (1 —x)]%cte-1F?2 (a, 1-

I= 2mi) X

X

1+a)x )—m,n xA(1-x)* j I 'p

VA . =
p.q _ 21| i
[1+ax+B(1-x)] i(ﬂj'Bj;l)m.m+1 (ﬂ,B]-;bj)q

aée: 1+ax+p(1—x)

_ rEerc—o) *
225(14a)°(1+) e+ 1T (242 )T (e-a)

— | ek A=A Gctyrp i Dilepdiapy | (5.5.1)

p+3.q+2( (L+a)(1+B) [+ (p,B, n (B.B); b,) (e+a-2¢241) G+ -—5-—c, A1)

Provided the condition easily obtalble from (5.3.1) are satisfied. Then by definition of
probability distribution, we have (5.5.1):
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r(er (Ze 2_151)

1 *
225(1 + @)(1 + B)c-e+1T (2e a) I'(e —a)
( A
(e—c41),.(1—c A1)
1 1 1
ITIm,n+3 (< VA (f C+55 2e +5— 2a’ 1) ((Z],A], a])p
p+34+2\\ (1 + a) (1 +
ArodsBy @81 (8.8;b)
mm+1 J q
1 1
L (e+a—-2¢241)(5+5= —-c A 1))
f(X) — - 2 Ze 2a
Joxt (A=) ¢[1+ax + B(1 - x)] 2+~ 1dx
=0
Elsewhere, [ f(x)dx = 1
Where
_ A 2 " (@jAja5)
fX)=F(a1-ae—t9 g a-07 _|_
( ) 1 ( 1+ax+ﬁ(1—x)) pq (12 [1+ax+B(1-x)]24 | = (B; Bj; 1) . :';(ﬂrBjibj)q

Second Integral
fol 11 -x)°°[1+ax+ B(1—x)] 2cte-1F2 (a 2 —

 (+a)x ) T Aot | (a4 m-l:;(a]A ay) _
" 1+ax+p(1-x) pq [1+ax+B(1—x)]24 g:;(ﬂj'Bj;l)m.mﬂ z:j(ﬁ,Bjibj)q
_ Il (e-1) *
22a-1(1+a)c(1+B)c¢+1r(a)T (e—a)
( (e—c,4;1),.(2—c,A;1)
1 1 1
7 n+1 ( z '(E_C+Z+E’)‘;1)’i(“i"4ﬁ ai)p >)
p+3 q+2 -
+a)(A+B) | ™ (p;,Bj;1) (B.Bj:bj)
J mm+1 J q
3.1 1
\ ( (e+a—Zc,2/1;1)(E+Z—E—c,l;1))
(e—c,2;1),.(2—c,2;1). )
1 1
v LG 4 (Fﬁ_c’m)j(ajﬂﬁ “y 2)-(55.2)
p+3,q+2 (83,
(+a)A+B) [ (8;.B;1) ;(BBj:bj)
mm+1 q
L (e+a—2c241)(1-c+5—-2:1))

Provided the condition easily abatable from (5.3.2) are satisfied. Then by definition of
probability distribution, we have (5.5.2): where
_ IGe3) _TGe2a%3)
Tzt) | Tarta)
Then by definition of probability distribution, we have from (5.5.2):
=0
Elsewhere, folf(x)dx =1
Where

,(a-,A-;a-)
(1+a)x 2 (1-x)* I ke kv »

1+ax+ﬁ(1—x)) pa ( “ rax+pa-o1 :::(I?;B, 1) " (B.Bjiby)
m+1 q

fx)=F2 (a2 - ae:
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Third Integral
fol xX 11 —-x)°1+ax+p(A -

. Arq_nd E"'i(ot]-,Aj;a]-)
x)]2cte-1p2 (a,—a,e:ﬂ) H;""I"( 4 X% —|= d P dx
1+ax+B(1—x) s [1+ax+B(1-x)] "'}(pj,gjﬂ) “"]',(ﬂ,Bj;b]-)
mm+1 q

I'(e)l(ar) N
22‘1 11+a)(1+B)¢ et 1r(a)l (e—a)

(e—c,4;1),.(2—c, )ul).(l—c+i+i /1'1) (aj Aj; a]-)

el |
p+3.9+2 (1+“)(1+ﬁ') """ (8 D (85 ) (e+a-262% N )
(e—c,4;1),.(2—c,4;1). —+——cl'1 (a-A--a-)
m+r;+]:|_2( """""" ( ) l ] ] )......(5-5-3)
p+3.q (1+a)(1+ﬂ) “““ (/; Bp1) (pB, b,) (e+a-2c22:1) (55— A1)

Provided the condition easily abatable from (5.3.3) are satisfied. Then by definition of
probability distribution, we have (5.5.3):

U= I3 _ (?—Z—Ia?)

Mzetza1) F(z—e’fﬂ‘z)

Then by definition of probability distribution, we have from (5.5.3):

f(x)
Frela-v . *
2" 1+’ 1+p) " 'Te-a
. 1,1 .
— q e=edd) 2 -ehl).(J-ct it h1) (@4 a), \
pa \TF @) (17B)|T 5 gog O “peodt(looad_1 o
\l (/3, ) ](ﬁB],b]) (e+a—2¢24;1)(5—ct+ye— ﬁ,m))/
) 1
Ly , (e—c,4;1), (2 ¢, 1;1). <2e+2a‘” 1)l(a 4; @)
P42 T+ a)(1+ B) |-
] OB g, m1) T8y (e+a-20201) (- - e 1)
fact (1-x)° [.1 +ax+p(1 —x)]_zc+e dx
=0
Elsewhere, [ f(x)dx = 1
Where
2 (1+a)x mn
f(X) F (a 2-ae 1+ax-+:!3(1 x))
( 2 1(1 x)l :A;(all’A]';a]')p
[1+ax+B(1-x)]24 | (ﬁ] Bj; 1) émi(ﬁ,Bj;bj)
m+1 J q

Fourth Integral
1 (1 —x)°°L1+ax+ p(1—x)]2cte?

2 (1+a)x )—mn
F (a e 1+ax+B(1-x)

N

e A
xA(1-x)? j(“l la})p

Kz .
[1+ax+B(1—x)]24 | & i b
ax+p(1-x (ﬁ] Bj; 1) - j(ﬁ,B,,b,)q

I'(e)l(ar)
22a-1(14@)c(1+B)c~etIr(a)l(e—a)

*
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\
(e—c—1,4;1),.(1—c,A;1).
1 1
gmint2 ( z (Z“Lz'—”?l)j(“iﬂﬁ aj),(e=c4:1) )
p+2,q+3 1+a)(1+ -
( a)( B) (e—c—l,l;l) ]'(Bj'Bj;l)m,m+1 j(ﬁj,B]‘;b}')q
(e+a—2c—1,,2/1;1)(1—c+%—i,/1;1) )
(e—c,4;1),.(1—c,2;1).
(5ot=—c-14:1) (a;.45 a5) (e—cd1
—m+1,n+2 z 2et2qa ¢~ 141) (@54 q)) (e-ch1)
V.Hpi24+3 ( Ara)(116) o ' o 1)(5.5.4)
(e-c,A1) j(ﬁ,-.B,-;l)m_m_l f(”f'Bi"’f)q
(e+a—2c,1l;1)(%—c+zie—i,/l;1) Y,

Provided the condition easily obtaible from (5.3.4) are satisfied. Then by definition of

probability distribution, we have (5.5.4):

1 1 1 1 1
U="GeT2at?) = TG
1 1 1\ 1 1
Moetsaz) Taetaa1)
Then by definition of probability distribution, we have from (5.5.4):
IFrelIa-1)
2211+ a1+ B) ' T@re—a

(e—c—1,41),.(1—c A1)
) Uﬁ;nle‘::: — )Z(1 . (%4' %» —C/l 1),1- (), Aj; aj)p(; —c A1) _
| (e—c—-1,41) ]_(ﬁ.,B]-;l)m.mﬂ ]_(ﬁ.,B,-;b,-)q |
\ (e+a—2c—1,,21;1)(1—c+%—%,1;1) /

(e—c,A;1),.(1—c,4;1)

1 1
—mtint2 2 .(ﬂ tog €~ 1,4 1>‘i (aj,Aj; a]-)p(e —-c, ;1)

V-Hy 2043 ( A+ +p)

(e—c 1) (B;B;1) "(B,,Bj; b))
J mm-1 J q
(e+a—2c14; 1)<%_C+2_1e_2_1a’)“; 1)
fx) = L1 c—e —2c+e
Lx (1=x) [[1+ax+p(1—x) dx
=0
Elsewhere, folf(x)dx =1
Where
2 2 “(aj.45:a5)
f(X) = F2 (a,2 — @, e: —20x_)mn x1-
( 1+ax+B(1—x)) P4 [1+ax+B(1-x)]24 “"}}(B,-,B,-;1)’1“'1+1 “"]:(B,B,';bj)q

Fifth Integral
fol x1(1—x)1 1+ ax + B(1 — x)]2cte-2F2 (a, 1 -

(1+a)x ) =mn xA(1-x)* j I

Traxsp-xn) P ) 2 raxtpa-nPA “(8;81) (BByby)
mm+1 q

ae

r(e)l(a-1)
22a-1(1 + @)¢(1 + )~ ¢*1I'(a)l (e — a)
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( )
(e—c—-1,24;1),.(1—c,A;1).
m+1n+3(< z (219 2a’ CA1) (aIAJ al) (e-cAi1) >)
Up+a003(\ Taam (e—c-1,4; 1)::(;3, Ba) _
| (B Bji b,) (e+a—2c-1,2; 1)( —ia+%—c,1 1))
g
(e—c—1,2;1),.(1—c,2;1).
me n+2( 2 (2e+ﬁ_5_61 A; 1) (ajA;; a,-)p(e—c,l;l) §
p+Z q+3 (1+a)(1+p) (e—c+1,1;1):"':,([3]-,3]-;1) m.(ﬂj,Bj;bj)
J mm-1 J q
\ (e+a—2c—1,21;1)(%—c+i—%—c,l;1) Y,

Provided the condition easily obtaible from (5.3.5) are satisfied. Then by definition of
probability distribution, we have (5.5.5):

TGt o G
U=—F 35 V=,
(3e%2a~2) (3e%2a=1)
Then by definition of probability distribution, we have from (5.5.5):
rer@-1

22 1 + 1+ B) 'T@r(e —a)

|/ (e—c—1,41),.(1—c ;1)

1,1 _ _
z (ze+za—ct 1) (o, Aj; @) (e —c, ;1)

A+aA+P) o 121) ([; B;;1) ]( 3 bj)
mm+1

—m+1,n+3

*UH 14,943 |

1

;w
S
o
~

(e+a—2c—1,24 1)(2e

(e—c—1,21),.(1—c A;1).

(ze+2a-2-141),

—m+1n+2 z (a;,4;; a,) (e A1)
-V. Hp+2q+3 ( dT+ad +B)

(e—c+1,41) (ﬁ Bj; 1)

mm-—1

ij(ﬂi,B b) (e+a—2c—1,22;1)

1 1 1
) = (7—c+2e ﬁ—cll)
P lA-x" 1+ ax+ B —x) T
=0
Elsewhere, folf(x)dx =1
Where
— 2 . (1+a)x
f(X) =Fi (a' 2-ae: 1+ax+ﬁ(1—x)) ““““
“(a;, Aj; a;
), FA-0t | e ___4.’)v
Pa V21 +ax+ (1 —
[1+ax+p(1—x)]* ]_(/}1,31,1) 3 j(ﬁ,B,,b,)
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Sixth Integral

1+a)x
T —x)11+ax+ B(1—x)]%*F? | a —a,e:
PP B(1 - )] 4R e
a A a;
Of Imn ; 1(1 x)l ]( ]’ 7] ])p dx
P4 1tax+B(1—x T _ _
[ FA=DF " (g, ;1) (B.Bj; b))
J mm+1 J q
( (1—-c+e,2;1),.(1—c,A;1).
1 1
_ r(e)I(.s) SRS z (1-ctzetzatit) (45 ),
T92a c c—e p+3,q+2 i
22 +1(1+a) a+p) I'(e—a) (1+a)(1+B) (ﬂ] B] 1) . j(ﬁj'B]';bj)
(a 2c+e+a2,1;1)(1 =212 1)
N
— (e-c-1,2;1),.(1—c,A;1)
V. H( 4 T (
(1+a)(1+B) "(B;.Bji1) . (Bj.Bj:bj)
(e+a-2c-1221)(3-c+ i ci1))
............................................................................................ (5.5.6)

Provided the condition easily obtaible from (5.3.6) are satisfied. Then by definition of
probability distribution we have (5 5.6):

FGe2ata .
2e 2a 2 —_ 2e 2a
1V_

a1, 1 1
F(z—;%‘E)
Then by definition of probability distribution, we have from (5.5.6):
I'e'a-1)

A+ o)A+ p)eetiT(arl(e — a)

2a1

(e—c—1,41),.(1—c41).

(1 1 —c;1 ) (aj, Aj; a]-)p(e—c, A1)

—=m+1,n+3 7z 2e ' 2a’

H,hg43 |4 A+adA+pP)

s
(e—c—1LA41) (ﬁ ;1) (B Bjiby)
mm+1 J q
1 1
e~ 25tz 6 A1)

(e+a—2c—1,,22; 1)(

(e—c—1,4;1),.1—-c A1)

(1 + = LI —cl,A; 1) (aj, Aj; a]) (e—c,4;1)

v Hm+1 n+2(< z 2e  2a 2 )
+2 +3 .....
P+24 A+ +pP (e_c+111) ..... (ﬁ ) (ﬂ B]’b)
- q
(e+a—Zc—1,2/1;1)(7—c+%—%—c,l;1)
f@@) = 1.c—1 c—e —2c+e
LT (1=x) [1+ax+p(1—x)) dx
=0
Elsewhere, [} f(x)dx =1
Where

- 2 . (+a)x Tmn
f(x) = F; (a, 2 —a,e: —1+ax+p(1—x)) [
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""" a;, A a;
xl(l—x)’l jNr ])p

z — Al
[1+ax+ B —x)]? ;(ﬁf’Bj; 1)mm+1 j(ﬁ, Bj; b].)q

Seventh Integral

xT(1 -2 11+ ax+ B(1—x)]%+eF2 (a, 1-a, e:—HCEi:Zz:_x))
1 i
b Hyq [1+;:JE1BE:)_1)]2/1 o i(“i'Ai;‘t;)p dx
(BB j(ﬁrBjibj)q
_ I'(e) *
22a(1+a)€(1+B)°€r(e—a)
( (1-c+e,2;1),.(2—c,A;1).
s (| x| (et o), |
DAH | 1) jBiBsiby)
\ (1—Zc+e+a,/1;1)(—c+i—i,i;1)]
( (e—c—1,2;1),.(2—c,A;1)
V. By {3ge2 S (a+ ; (%_H%Jr%“)l( L
QB (BB i(BrBiby)
\ (e+ta—2c+ 1,21;1)(%—c+%—i—c,/1;1))

Provided the condition easily obtaible from (5.3.7) are satisfied. Then by definition of
probability distribution, we have (5.5.7):

1 1 1 1 1
TGt V_F(Z_Z)

U=

1,1 1\'vY~ /71 1)
F(zm—_i)__ M(ze+20) I 5:10A £0U
Then by definition of probability distribution, we have from (5.5.7):
T'e
21 +a)1+B)° ‘Te—a
(1-c+ei1),.(2—c41).
—c+ 1+ 1 A a;
UHE , (1 C+2e+2a"1'1>,,-(“1"41' @), |
p+3.q T+a)(1+
(1+a)(1+p) (B;B;:1) (B, B;; b))
J mm+1 J q
1\ — 1_1 ,.
(1—2c+e+a,l,1)( c+ﬂ E,AJ)
(e—c—1,41),.(2—c41)
1_..1.1 ;. A a.
Vﬁm_::l—iz( z <7 C+R+ﬁ,1, 1)'i(a],A], a])p
p+3q T+a)(1+ o
(1+a)(1+B) (B;B;1) (B, B;; b))
J mm+1 J q
et+a—2c+1,24;1 §—c+l—l—c,/1;1
foo = E‘—e—l )<2 —2c+ge 2a )
Rxl (1-x) [1+ax+B(1—x) dx
=0
Elsewhere, [ f(x)dx = 1
Where
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— 2 . (+a)x Tmn
f(X) = Fy (a' 1-ae: 1+ax+[i(1—x))

1(1 x)/l Zmi(a]"Ai; aj)p

Hraxs -1 |7(g, 5, 1) (BB
m+1 q

2. In (5.3.1) to (5.3.7) if take g = 1,....,n,and bJ —1, J=m+1,....., q, we get the
following integral involving H — function introduced earlier by Fox[52].
First Integral

fol x1(1—2)°°[1+ax+ (A —x)] 2t 1F2 (a, 1-—

Yl Ana;
(1+a)x )H""" da-nt | o 'tl.f.) 4 dx

e —————— - o
1+ax+p(1-x)) P4 [1+ax+B(1-0)1** | * (g, B;:1) " (B.Bj;bj)
J mm+1 J q

_ I'(e) *
225(1+a)¢(1+B)c€t1IT(e—a)
r(-o) xgmnts )z | (e—c A1), (1-c41).G—c ot K1) (aj A5 a)), }

r(zle"'ﬂ) p+3, q+2( (1+a)(1+[;) .....

""" (1:1,1;,-;1)"”'1Jr ""'([ZB b,) (e+a—2¢241) (G Ho—5a—C A1)

.(5.5.8)
Provided the condition easily obtaible from (5.3.1) are satisfied. Then by definition of

probability distribution, we have (5.5.8):

1 1
['e) Tz~ 7a)
1 11
225(1 + a)°(1 + B)c-e+'r (Ze a) Fe—a) T (% . ﬁ)
( )
1 1
(e—c2),. ( —Cc+5e +2a’1)
Amns z (aj, Aj)p >
Hye\Tromas
G ‘ (e+a-2¢20G+ g5~ 750 4)
X) =
f()l xc1 (1 - x)c—e[_ 1+ax+ ﬂ(l — x)]—26+e 1dx
=0
Elsewhere, [ f(x)dx = 1
Where
—_ 2 _ . ﬂ —_—mn xl(l_x)l ](a],A])
f(x) = F1 (a, 1—a,e: 1+ax+ﬁ(1—x)) pa ()2 [1+ax+B(1-x)]24 E:E(ﬁ,Bj)
J q

Second Integral
fol xX1(1-—x)°°[1+ax+ B(1—x)] 2cte-1F2 (a, 2 —

—m 201\ J(a;.4))
(1+a)x ) ;nq"( x*(1-x) 2 \dx =

, € n z 2| T
1+ax+B(1-x) [1+ax+B(1-x)] j(ﬁ'Bjibj)q
I'(e)l'(e-1)

T22a-1(14@)c(1+B)—¢* 1T (@) [ (e—a)
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( (e— cA) (2—c,4)
F(i‘%)ﬁm,rwl G z (zctze +2a'}‘)( 1),, )-
M(5+50) p+3.9+2\) A+a)(1+h) .(B.B-)
(e+a— ZCZA)( Ze Za—c/l)

( (e—c,2),.(2—c,2). )
Mz 2a*3) g+l z (zle 2a C)‘) (aj45)
(Lrior) Hpi3q+2(\ ey g "% ), S JE

\ (e+a—Zc,2/1)(1—c+i—2—1a,/1)j
.................... (5.5.9)

Provided the condition easily abatable from (5.3.2) are satisfied. Then by definition of
probability distribution, we have (5 5. 9) where

U— 1Ze 12a — Zle Zla i
Mzet34-1) F(ZJ“Z_E)
Then by definition of probability distribution, we have from (5.5.9):
Frele-1

2Za—l(l + d)c(l +B)C—e+1

F'aI'ee—a)

(e—c,4),.(2—c,4).
1_ 1.1 .
CUR™™ 5 (i Ctoe 2e toa’ A)’i (a]’A])p
p+3,9+2
(1+a)(1 +ﬂ) j(B'B )
_ 3_ 1_1
\ (e+a—2c22)(53—c+y—50.4)))
(e=cA),.(2—c,4).
il el
V. Hmn+1 ( z <2e+2a C’A> (a]'A])p
p+3,9+2 (1 L a)(l +ﬂ) (B B )
Vi |
_ _ 1 _1
. (e+a 20,2/1)(1 c+§ ﬁ,l)
1..0—1 c—e —2cte
o x (1-x) [14+ax+B(1—x)] dx
=0
Elsewhere, folf(x)dx =1
Where
“(a.47)
— 2 _ . (1+a)x Fmn xA(1-x)* J
f(X) = Fi (a' 2 —ae: 1+ax+[2(1—x)) pq O Z rarpan? | T

[1+ax+B(1-x)]24 i“'}f(ﬁ,B,-;b,-)

Third Integral
f01 xX 11 -x)°°L1+ax+p(A -

—-2cte+1 2 (1+a)x —m,n 2 (1-x)2 J p
x)]~ F% (a —a e A x)) pa ( v o) dx
] q
_ I(e)l(e1) .
22a-1(1+@)¢(1+p)¢¢+1r(e—a)

(e—c,2),.(2—c,2). (——c+2€+2 ,/1) (aj,Aj)p

1
(1+“)(1+3) j(p,B,-)q(e+a—2c,2/1)(5+§—E—c,a)

—m n+3
p+3q+2(
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I (e—c,l),.(Z—c,/l).(i+i—c,l) (a]-,Aj)
Tt {— """ "M )i 5.5.10
p+3,q+2( (1+a)(1+3) ..... (B B]) (e+a—2c 2/1)(———— }L) ) ( )

V.H

Provided the condition easily abatable from (5.3.3) are satisfied. Then by definition of
probability distribution, we have (5.5.10):

1 1 1 1 1
U_F(Z_e_z_a) v="Ge2a"?)

=71 iy VT 711 1)
r(ﬂ"'ﬁ) F(2e+2a 2)
Then by definition of probability distribution, we have from (5.5.10):
r'e "

Tte <1+ﬁ>‘ “Tre-a
|e c2), cg)_( C_|_21€+21 ,A)( A,
B)) (e+a~2¢24 13- C+2_1€_i’l>
1,1
4V Imr:;+1 2(! 7 (e c,A; 1) (2 C,A; 1) <2_+2__C/1>l( )
p+3,q4+ 1+a)1+B)|- _ 1 -

f) = { (ﬁ’ ) mm+1 j(ﬁ’Bi’ i) (e+a—2c24) <2— 2a c,1)
fat (1—-x) [.1+ax+ﬁ(1—x)] ~2cte

=0

Elsewhere, folf(x)dx =1

Where

— 2 (1+a)x
f(X) =F1 (a' o€ 1+ax+p(1- x))

-mn+3

.’A ca;
xA(1-x)? ,-("‘1 Ia])p

(Hz
[1+ax+p(1-x)]22 i(ﬂ,B]-)q

Fourth Integral
f f (1 —x). 1+ax+[s’(1—x)] g (a,Z—

1+a)x —5mn xl 1> ! d L
ae: %) H,, ({Z [1+ax-fﬁ(13x)]Zl ](ﬁ'Bj) } “
F(e) () q
“22a- 1(1+a)c(1+ﬁ)c e+1r(a)l(e— a)
(e=c-1,2),.(1-c,A).
gmrin+2 z (2e+ﬁ Cl) [(@45:), (e=ed)
Hpi2,4+3 (5 (1+a)(1+B) (e—c—1,2) ij.(ﬁj'Bj)q

1 1
\ (e+a—Zc—1,,2/1)(1—c+z—ﬂ,/1))

( (e—c,A),.(1-c,A).

1 1
g2 () z (z—em‘c‘“il),,-(“fﬂj: a;) (e=c.d)

V.H
PHAQES ) () (1+8) (e~cA1)"(B).Bji1) "(B;,Bj:b))
mm-1 q

+)(5.5.11)

\ (e+a—2€,11;1)(%—c+%—i,/1;1) y,
Provided the condition easily obtaible from (5.3.4) are satisfied. Then by definition of
probability distribution, we have (5.5.11):

1 1
U_r(z‘z’f? V= Ge™2a)
AL TR )
2e 2a 2 2e 2a
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Then by definition of probability distribution, we have from (5.5.11):

IFrerl@-1
22 1+ a1+ B 'T@re—a
( (e=c—1,2),.(1—c,A).
Uﬁm+1n+2 z (Zl-'_% _Cl) (C(]- A]') (e_C' A)
sUH...» 412 | {—r—+-1 |- " -
p+2,9+3 (1+a)(1+ﬁ) (e_c_ll) ..... (B B b)
q
(e+a—20—1,,21)( —c+% 2_1¢1’)‘>
(e—cA),.(1—c,2)
v Hm+1n+2( z .(%-FZL—C— 1 A) (a]' Aj)p(e_ C!}‘)
pr2at3 1 rt
1+w(1+p) (e—cA) ( B))
. _ 1 1
. (e+a—2—-1,2% 1)( 2+2e 2a111)
Bl A-x0T 1+ ax+ B —x) € 4y
=0
1
Elsewhere, [ f(x)dx = 1
Where

1+a)x ) Fymn xr(1-x)* j

- 2 _ T
)= Fi (a2 - @, e i) Hpa Q2 g )
J q

Fifth Integral
Jy 271 (1= )1 + ax + B — )] 24 2FE (a1 -

1+a)x =mn 2 (1-x)2 l p
' 1+ax+ﬂ(1—x)) pq ) Z [1+ax+B(1—x)]%4 5::%([;’31,) dx
J q

I'(e) 2

- U
220(1+a)(1+B)c~€*+2I'(e—a)
( | (e—c—1,2),(1-c,A).

(zet2ac ) (@j4y), (e~c)

)

ysass Qo | - il
..... (ﬁl 1) (e+a—2c- 12'1)(2e_%+%_‘3'1)
( (e—c—1,1),(1—c,A).
gmt1nt2 z (21e+zla‘§_01 '1) (aj4)) (e=c,2)
Ap+2q+3 (1+a)(1+) (oot 1) :::([i’],B]) )
\ (e+a—2c— 12,1)(__c+__ —C/I)J

............................................................................................ (5.5.12)
Provided the condition easily obtaible from (5.3.5) are satisfied. Then by definition of
probability distribution, we have (5.5.12):

1
U="Ge2a%2) /= [Ge722)

iV TEE

Then by definition of probability distribution, we have from (5.5.5):
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I'te)
221+ a1+ B 're-a

| (e—c—1,4A),1—cA).
1
| (2e+2a c/l) (u, ,) (e—c, )

—=m+1,n+3 z

*UHysus \aroa+p

1,1 /
2526 t3-c2)
(e—c—1,1),(1—c,A).

(21e+21a_%_‘1 A)

(aj, ,) (e—cA)
(e—c+1,2)
";(/;].,B,-) (e+a—2c-1,22)

(e+a—2c—1, 21)(

—=m+1n+2

-V. Hp+2 q+3 (

z
A+ao@A+p

Fo) = 2 2e _2a_”
Fatt (1-x)" [ 1+ax+p(1—x) TR
=0
Elsewhere, folf(x)dx =1
Where
- 2 . (1+a)x
f(X) - Fl ((l, z2-ae: 1+ax+ﬁ(1—x))
Sl A
Hpq'(\z £ (12 22 {"(a]’ )
. 1— x)]24| i
M+ax+p(1—x)] 1(3' Bj)q
Sixth Integral
xT (1 —x) 1 +ax + (1 — x)|2¢teF? (a, —a,e: —1+£:;2:_x))
1 i
f() _m,n( 2 xl(l—x)l j(uf'Aj)p dx
pa ax+B(1-x)]2A | =
[1+ax+p(1-x)] j(p'Bf),,
I'(e) *
T 220t (13 0) (14 f)° T (e—a)
( (1-c+e,2),.(1—c,A). )
1 1
g3 (4 z (1_C+Z+E’ )’i(“i'Ai)p >
p+3,,q+2 i B
(1+a)(1+B) (B.B))
1 1
\ (1—2c+e+a,ZA)(1—c+ﬁ—ﬁ,l)j
( )
v ITIG o )z(1+ ) (e— c;::;1/1) .(1-c,)
a)1+B ;(Bj:B))
1
L (e+a—2c-1 2/1)(——c+—e———c /1)}

............................................................................................ (5.5.13)
Provided the condition easily obtaible from (5.3.6) are satisfied. Then by definition of

probability distribution, We have (5.5.13):

1 1
U= ereras: V= XEraer
Maetags) | Tlaetze)

Then by definition of probability distribution, we have from (5.5.13):
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rera-1)
22" 1+ (1 +B) 'T@r(e —a)

*

(e—c—1,4),1—cA).

1 1
UE z (ﬂ toa € 1) (aj,Aj; )p(e -c A
PHaat3 YT+ a1 + B) e

k (e+a—2c—1, 2/1)(2e 2—1a+%—c,l)
(e—c—1,1),1—-cA).

1 1 1

Hm+1 n+2 z (2 taa— 2L }“) (aj, 1) (e—c4)
V. p+2,q9+3 ( (1 + a)(l F B) :::g . )

1_1
2e 2a
2c+e

Bl A-x0"[1+ax+BA—x)| " ax

(e+a—2c—1,21)(7—c+ —c,l)

fl) =

=0
Elsewhere, folf(x)dx =1
Where

—mn
f(x) = F? (a, 2 —aqe: (A+a)x )

14+ax+p(1-x) b.q

1(1 x)l :‘;(a]"Al')p

[1 +ax + (1 —x)]?4 (ﬁ B,-)

Seventh Integral

c—1 _ 2\ c—e—1 - —2c+e 2 o~ . (1+a)x
x71(1—-x) [1+ax+ B(1—x)] Fi (a, 1—a, e.—1+ax+ﬁ(1_x))

1
f() Hm n( K (1-x)* j(a]"Al')p
[1+ax+B(1-x)]22 | = X
ax ﬂ & ](B'B])q

(1- c+el) (2—c,A).

_ I'(e) *UFmar ] . (1-ct5+o- /1) (@4)),

" 220(1+a)¢(1+B)°°TI (e—a) Hp+3.0+2\\ Taep i:E(I?j"?i)
J q

1
\ (1—Zc+e+a,/1)( C+E—E/1)j

(e—c-1,1),.(2—c,4)

—mn+3 4 z (__C+ze+2 "1) (“i'Ai)p

-V.H
p+3.q+2
(1+a)(1+B) j(ﬁj’Bj)q

\ (e+a-2c+1,22) (;—c+2—le—%—c,/1)j

............................................................................................ (5.5.14)

Provided the condition easily obtaible from (5.3.7) are satisfied. Then by definition of
probability distribution We have (5.5.14):

U= vt
MGotzas) Tlaetaa)
Then by definition of probability distribution, we have from (5.5.14):
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I'e)
“1+af1+B) ‘Te—a

(1-c+el),.(2—cA).

“UH, ( z (1 c+21e+21a A) (@ 45),
p+3.9+2 (1 + a) (1 + ﬂ) ;ZZZ;<B )
J

q
_ _ 1_1
1 2(:+e+a,/1)( c+2—e ﬁ’)‘)

(e—c—1,4),2— c/l)

1_ 1 1
gt (7 ct2et2a /1)_ (@; )

V.H  5045( i a)z(l B o

j(ﬁi’B])
_ 3 _ 1_1_
fG) = (e+ta 2"+1'21)<7 “t2¢ 2a C'A)
Rt 1—x0 T T At ax + B(1—x)
=0
Elsewhere, [ f(x)dx = 1
Where
— 2 _ . rox g™

f(x) = F{ (a, 1-ae: 1+ax+ﬁ(1—x)) P.q

x}“(l—x)l ]( J ])p

"Mrax+pA -0 (ﬁ B))

Similarly, other result can also be obtained.
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