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Abstract: 
Fixed point theory is one of the most fruitful and applicable topics of nonlinear analysis, 

which is widely used not only in other mathematical theories, but also in many practical 

problems of natural sciences and engineering. The Banach contraction mapping principle is 

indeed the most popular result of metric fixed point theory. This principle has many 

application in several domains, such as differential equations, functional equations, integral 

equations, economics, wild life, and several others.  The aim of this paper is to extend the 

concept of F. Khojasteh, Z. Goodarzi and A. Razani to some new contractive conditions of 

integral type in cone metric space.  
Key words: Cone Metric Space, Contractive Conditions, Fixed Point. 

1. Introduction: The concept of cone metric space was introduced by Huang and Zhang [1] 

in 2007 and some fixed point theorems was proved. Initially Branciari [2] introduced the 

contractive condition of integral type and extended Banach fixed point theorem. Later on F. 

Khojasteh, Z. Goodarzi and A. Razani [3] gave the concept of cone integrable function and 

proved Branciari’s theorem in cone metric space. The aim of this paper is to extend the 

concept of [3], to some new contractive conditions of integral type in cone metric space.              

The following definitions and lemmas are useful for us to prove the main results. 

Definition 1.1[1]: Let Ε  be a real Banach space and P a subset of Ε . P is called a cone if the 

following hold.  

(1) P is closed, non-empty and  0P . 

(2) If Rba ,  and 0, ba , then Pbyax + ,  Pyx  , . 

(3) Px  and Px−  implies 0=x . 

Let ΕP  be a cone. We define a partial ordering with respect to P as yx   if and 

only if Pxy −  and yx   will imply that yx   but yx  , while yx   will mean that 

Pxy int− , where Pint  denotes the interior of P. 

The cone P is called normal if there is a number 0M  such that yx 0  implies 

yMx   Ε yx, . The least positive number M is called the normal constant.  

Example: Suppose 
2R=Ε , ( ) 0,, = yxyxP Ε . RX = . Let Ε→ XXd :   be 

defined as ( ) ( )yxyxbyxd −−= ,,  where Rb  and 0b . Then ( )dX ,  is cone metric 

space.  

Definition 1.2[1]: Let ( )dX ,  be a cone metric space and let  nx  be a sequence in X. Then  

(1)   nx  is said to converges to some Xx  if for every Εc  with c0 ,   a natural 

number N such that Nn  , ( ) cxxd n , . 

(2)   nx  is said to be Cauchy sequence if for every Εc  with  ,0 c  a natural number 

N such that Nnm  , , ( ) cxxd mn , .   Pyx  ,   

(3) A cone metric space ( )dX ,  is complete if every Cauchy sequence is convergent. 

Definition 1.3[3]: Let P be a normal cone in Ε  and Ε,  where   . Then we define  

    ( )   1,0,1:, −+= sssx  Ε , 

   ) ( )  ) 1,0,1:, −+= sssx  Ε . 
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Definition 1.4[3]: The set   === nxxxxP ,...,,, 2101  is called a partition of   ,  if 

and only if the sets  ) n

jjj xx
11, =−
 are pairwise disjoint and    )    = == jj

n

j xx ,, 11
. 

Definition 1.5[3]: Let   === nxxxxP ...,,,, 2101  be a partition of   ,  and 

  P→=  ,  be an increasing function. We define cone lower sum and cone upper sum as  

  ( ) ( )
1

1

0

1, +

−

=

−=− jjj

n

j

con

n
xxxPL  , 

  ( ) ( )
11

1

0

1, ++

−

=

−= jjj

n

j

con

n xxxPU  , respectively.  

The function   is called cone integrable function on   ,  if and only if for all partitions 1P  

of   ,  

  ( ) ( )11 ,lim,lim PUSPL con

n
n

concon

n
n

 == , 

where conS  is unique. We shall write dpS con 


=  or ( ) ( )tdpt


 . 

Lemma 1.1[3]: If     ,,   then dpdp 






    for ( )PX ,1  

 ( ) dpbdpadpba 2121 










  +=+  for ( )PX ,, 1

21   and Rba ,  

where ( )PX ,1  denotes the set all cone integrable functions.  

Definition 1.6[3]: A function Ε→P:  is said to be subadditive cone integrable function if 

and only if P ,  

   dpdpdp 


 +
+

000
. 

2. Main Results:  

Theorem 2.1: Let ( )dX ,  be a complete cone metric space with normal cone P. Let 

PP →:  be a nonvanishing and subadditive cone integrable map on each   P, for 

which 0
0

 dp


, 0 . Let XXT →:  be a mapping such that 

  
( ) ( )( ) ( )( ) ( )( )

dpcdp
xTydyTxdyTxTd

 
+


,,

0

,

0
 for each 










2

1
,0,, cXyx . 

Then T has a unique fixed point in X. 

Proof: Let Xx , choose Xx 1  such that ( )xTx =1 . Let Xx 2  be such that ( )xTx =2 . 

Continuing in this way we can define ( ) ( )xTxTx n

nn == −1  for ...,3,2,1=n  

 
( ) ( ) ( )( )

dpdp
nnnn xTxTdxxd

 
−+

=
11 ,

0

,

0
 

   
( ) ( )

dpc
nnnn xxdxxd


+−+


11 ,,

0
 

   
( )

dpc
nn xxd


+−


11 ,

0
 

         But ( ) ( ) ( )1111 ,,, +−+− + nnnnnn xxdxxdxxd , therefore  

 
( )

dp
nn xxd


+ ,

0

1 ( ) ( )
dpc

nnnn xxdxxd


+− +


11 ,,

0
 

Since   is cone subadditive, so  

  
( ) ( ) ( )

dpcdpcdp
nnnnnn xxdxxdxxd

 
+−+

+
111 ,

0

,

0

,

0
 

 
( ) ( ) ( )

dpkdp
c

c
dp

nnnnnn xxdxxdxxd

 
−−+

=
−


111 ,

0

,

0

,

0 1
, where 

c

c
k

−
=

1
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               

   
( )

dpk
xxd

n 
01 ,

0
 

  
( ) ( )( )

dpkdp
xxTd

n
xxd nn

  
+ ,

0

,

0

1

 

Since 10  k , and 0
0

 dp


 for each 0 , so  

  
( )

0lim
,

0

1

=
+

dp
nn xxd

n
 , 

which implies, that ( ) 0,lim 1 =+ nn
n

xxd . 

To show  nx  is Cauchy sequence, we shall show that ( ) ( )( ) 0,lim =+
→

nn
n

xTxTd   for each 

positive integer  .  

Let 0  be any integer. By triangular inequality  

 ( ) ( ) ( ) ( )nnnnnnnn xxdxxdxxdxxd ,...,,, 1211 +−+−+−+++ +++   

 
( ) ( ) ( )

dpdp
nnnnnn xxdxxdxxd





+−+++ ++


,...,

0

,

0

11

 

 
( ) ( )( ) ( ) ( ) ( )

dpdpdp
nnnnnnnn xxdxxdxxdxTxTd





+−+++++ ++

=
,...,

0

,

0

,

0

111

 

Since   is cone subadditive  

            
( ) ( ) ( )

dpdpdp
xxdxxdxxd nnnnn





+−+−+−++

+++
11211 ,

0

,

0

,

0
...  

         ( )
( )

dpkkk
xxd

nnn 

+++ −+−+ 01 ,

0

21 ...  

         ( )
( )( )

dpkkkk
xxTd

nnnn 


−+−++ ++++

,

0

121 ...  

         
( )( )

dp
k

k xxTd
n

−


,

01
 

Letting →n , 
( ) ( )( )

0lim
,

0

1

=
++

→
dp

nn xTxTd

n




. 

Which implies that ( ) ( )( ) 0,lim =+
→

nn
n

xTxTd   for each positive integer  . 

Hence  nx  is a Cauchy sequence. Since X is complete cone metric space so  nx  is 

convergent to some Xz . i.e. zxn
n

=lim . 

 
( )( ) ( ) ( )( )

dpdp
nn xTzTdxzTd

  =
+ ,

0

,

0

1

 

   
( ) ( )( )

dpc
zTxdxzd nn


++


,,

0

1

 

   
( ) ( )( )

dpcdpc
zTxdxzd nn

  +
+ ,

0

,

0

1

 

As →n  

  
( )( ) ( )( )

dpcdp
zTzdzzTd

  
,

0

,

0
 

which implies that ( )( ) 0, =zzTd  i.e. ( ) zzT = . 

Thus z is a fixed point of T. 

Uniqueness: Let T has two fixed point z and w i.e. ( ) zzT =  and ( ) wwT = . 

 
( ) ( ) ( )( ) ( )( ) ( )( )

dpcdpdp
zTwdwTzdwTzTdwzd

 
+

=
,,

0

,

0

,

0
 

               
( ) ( )

dpcdpc
zwdwzd

  +
,

0

,

0
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 
( ) ( )

dp
c

c
dp

wzdwzd

  −


,

0

,

0 1

( )
dpk

wzd

=
,

0
 where 

c

c
k

−
=

1
 

Which implies that ( ) 0, =wzd  i.e. wz = . 

This shows that T has a unique fixed point in X. 

Theorem 2.2: Let ( )dX ,  be a complete cone metric space with normal cone P. Let 

PP →:  be a nonvanishing and subadditive cone integrable map on each   P, for 

which 0
0

 dp


, 0 . Let XXT →:  be a mapping such that 

 
( ) ( )( ) ( ) ( )( )

dpbdpadp
xTydyxdyTxTd

  +
,

0

,

0

,

0
. For Rba ,  s.t. ba 21−  and 

2

1
0  b . Then T  has unique fixed point. 

Proof: Let Xx , choose Xx 1  such that ( )xTx =1 . Let Xx 2  be such that ( )xTx =2 . 

Continuing in this way we can define ( ) ( )xTxTx n

nn == −1  for ...,3,2,1=n  

 
( ) ( ) ( )( )

dpdp
nnnn xTxTdxxd

 
−+

=
11 ,

0

,

0
 

            
( ) ( )

dpbdpa
nnnn xxdxxd

 
+−−

+
111 ,

0

,

0
 

Using triangle inequality and cone subadditivity,  

            
( ) ( ) ( )

dpbdpbdpa
nnnnnn xxdxxdxxd

 
+−−

++
111 ,

0

,

0

,

0
 

          
( ) ( ) ( )

dpkdp
b

ba
dp

nnnnnn xxdxxdxxd

 
−−+

=
−

+


111 ,

0

,

0

,

0 1
,    where 

b

ba
k

−

+
=

1
 

                      

         
( ) ( ) ( )( )

dpkdpkdp
xxTd

n
xxd

n
xxd nn

  =
+ ,

0

,

0

,

0

011

   

Since 1
1


−

+
=

b

ba
k  then as →n , 

( )
0lim

,

0

1

=
+

dp
nn xxd

n
  

Which implies that ( ) 0,lim 1 =+ nn
n

xxd . 

It is easy to show that  nx  is a Cauchy sequence (See previous theorem). Since X  is 

complete cone metric space so there is some Xz   such that zxn
n

=lim .  

Now,   
( )( ) ( ) ( )( )

dpdp
nn xTzTdxzTd

  =
+ ,

0

,

0

1

 

                
( ) ( )( )

dpbdpa
zTxdxzd nn

  +
,

0

,

0
 

As →n ,
( )( ) ( )( )

dpbdp
zTzdzzTd

  
,

0

,

0
 

Since 
2

1
0  b  then 

( )( )
0

,

0
= dp

zzTd

  which implies that ( )( ) 0, =zzTd   ( ) zzT = .  

Uniqueness: Let T has two fixed point z and w i.e. ( ) zzT =  and ( ) wwT = . 

 
( ) ( ) ( )( )

dpdp
wTzTdwzd

  =
,

0

,

0
 

            
( ) ( )( )

dpbdpa
zTwdwzd

  +
,

0

,

0
 

            ( )
( )

dpba
wzd

+=
,

0
. 

Since 10 + ba  therefore 
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( )

0
,

0
= dp

wzd

  

   ( ) 0, =wzd  

 wz = . 

It shows that T has a unique fixed point.  

Theorem 2.3: Let ( )dX ,  be a complete cone metric space with normal cone P. Let 

PP →:  be a nonvanishing and subadditive cone integrable map on each   P, for 

which 0
0

 dp


, 0 . Let XXT →:  be a mapping such that 

 
( ) ( )( ) ( )( ) ( )( )

dpcdp
yTydxTxdyTxTd

 
+


,,

0

,

0
. For 










2

1
,0c  then T has a unique fixed 

point in X.  

Proof: Let Xx , choose Xx 1  such that ( )xTx =1 . Let Xx 2  be such that ( )xTx =2 . 

Continuing in this way we can define ( ) ( )xTxTx n

nn == −1  for ...,3,2,1=n  

 
( ) ( ) ( )( )

dpdp
nnnn xTxTdxxd

 
−+

=
11 ,

0

,

0

( ) ( )
dpc

nnnn xxdxxd


−+ +


,,

0

11

 

            
( ) ( )

dpcdpc
nnnn xxdxxd

 
−+

+
11 ,

0

,

0
 

          
( ) ( ) ( )

dpkdp
c

c
dp

nnnnnn xxdxxdxxd

 
−−+

=
−


111 ,

0

,

0

,

0 1
     

As in theorems (2.1), it is easy to prove that  nx  is a Cauchy sequence and completeness of 

X implies that there is some Xz   such that zxn
n

=lim .  

Now, 
( )( ) ( ) ( )( )

dpdp
nn xTzTdxzTd

  =
+ ,

0

,

0

1

 

            
( )( ) ( )

dpc
nn xxdzTzd


++


1,,

0
 

            
( )( ) ( )

dpcdpc
nn xxdzTzd

 
+

+
1,

0

,

0
 

As →n ,
( )( ) ( )( )

dpcdp
zzTdzzTd

  
,

0

,

0
 which implies that ( )( )zzTd ,    ( ) zzT = . 

Uniqueness: Let T has two fixed point z and w i.e. ( ) zzT =  and ( ) wwT = . 

   
( ) ( ) ( )( )

dpdp
wTzTdwzd

  =
,

0

,

0
 

            
( )( ) ( )( )

dpc
wTwdzTzd


+


,,

0
 

            
( )( ) ( )( )

dpcdpc
wTwdzTzd

  +
,

0

,

0
= 0    ( ) 0, =wzd     wz = . 

Theorem 2.4: Let ( )dX ,  be a complete cone metric space with normal cone P. Let 

PP →:  be a nonvanishing and subadditive cone integrable map on each   P, for 

which 0
0

 dp


, 0 . Let XXT →:  be a mapping such that 

 
( ) ( )( ) ( )( ) ( )( ) ( )

dpcdp
yxdxTydyTxdyTxTd

 
++


,,,

0

,

0
. For some 










3

1
,0c than T has a 

unique fixed point in X. 

Proof: Let Xx , define ( )nn xTx =+1  for 1n  and ( ) ( )xTxTx == 01 . 

 
( ) ( ) ( )( )

dpdp
nnnn xTxTdxxd

 
−+

=
11 ,

0

,

0
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( ) ( ) ( )

dpc
nnnnnn xxdxxdxxd


−+− ++


111 ,,,

0
 

            
( ) ( )

dpcdpc
nnnn xxdxxd

 
−+−

+
111 ,

0

,

0
 

Using triangular inequality and cone subadditivity.  

            
( ) ( ) ( )

dpcdpcdpc
nnnnnn xxdxxdxxd

 
−+−

++
111 ,

0

,

0

,

0
 

          
( ) ( )

dp
c

c
dp

nnnn xxdxxd

 
−+

−


11 ,

0

,

0 1

2
  

             

                      
( ) ( )( )

dp
c

c
dp

c

c xxTd
n

xxd
n

  








−
=









−


,

0

,

0 1

2

1

2 01

  

If 1
1

2
0 

−


c

c
 i.e. 

3

1
c  then  

  
( )

0lim
,

0

1

=
+

dp
nn xxd

n
 , 

which implies that ( ) 0,lim 1 =+ nn
n

xxd . 

It is easy to prove that  nx  is Cauchy sequence. Since X  is complete cone metric space so 

there is some Xz   such that zxn
n

=lim .  

Now,   
( )( ) ( ) ( )( )

dpdp
nn xTzTdxzTd

  =
+ ,

0

,

0

1

 

                
( ) ( )( ) ( )

dpc
nnn xzdzTxdxzd


+++


,,,

0

1

 

                
( ) ( )( ) ( )

dpcdpcdpc
nnn xzdzTxdxzd

  ++
+ ,

0

,

0

,

0

1

 

As →n ,
( )( ) ( )( )

dpcdp
zTzdzzTd

  
,

0

,

0
 

Which implies that ( )( ) 0, =zzTd . i.e. ( ) zzT = . 

Hence z is a fixed point of T. 

Uniqueness: Let z and w are two fixed points of T. i.e. ( ) zzT =  and ( ) wwT = . 

 
( ) ( ) ( )( )

dpdp
wTzTdwzd

  =
,

0

,

0
 

         
( )( ) ( )( ) ( )

dpc
wzdzTwdwTzd


++


,,,

0
 

  
( ) ( )

dpcdp
wzdwzd

  
,3

0

,

0
. 

Which is possible if ( ) 0, =wzd  i.e. wz = . 

Thus fixed point of T  is unique.      
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