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Abstract
Differential Difference Equations (DDESs) represent a class of mathematical models that bridge
the gap between continuous-time dynamics and discrete-time interactions. These equations
combine aspects of both differential equations and difference equations, providing a framework
to model systems with delayed feedback or time-lag effects. In this study, we explore the
theoretical foundations of DDEs, examining their existence, uniqueness, and stability
properties. We also discuss their applications in various fields, including biology, economics,
and engineering, where time delays and discrete interactions play a critical role in system
behavior. Through both analytical and numerical techniques, we analyze the solutions to DDEs
and highlight their practical significance in modeling real-world phenomena. The work further
investigates methods for solving DDEs, emphasizing the challenges posed by the mixed nature
of these equations. Our results contribute to a deeper understanding of the dynamics described
by DDEs and their relevance in modeling complex systems with time-dependent and delayed
effects.
INTRODUCTION
Principles of physics, such as Newton’s second law of motion, the principle of least action, and
Hamilton’s principle, can be expressed beautifully using the mathematical language of
differential equations. Differential equations also help scientists, engineers, and technologists
understand many practical problems, such as those in chemical kinetics, ecology, finance, and
more, because they serve as mathematical models based on meaningful mathematical
principles. There are several aspects to the study of differential equations, such as:
(i)  Mathematical modelling of practical problems using differential equations [15, 18, 51,
52,72, 76, 92].
(i)  Existence and Uniqueness of solutions [14, 19, 20, 39].
(iii)  Stability and Controllability of the dynamical system [14, 20, 24, 76].
(iv) Bifurcation and Chaos [14, 51].
(v)  Numerical solutions of differential equations, their Stability and Convergence [36, 74].
(vi) Series solutions vyield useful approximate solutions when subjected to Pade
approximation and Asymptotic approximation [1, 2, 3, 66, 87] and so on.
For the purpose of getting a good motivation, let us describe a problem of mechanics based on
Newton’s second law of motion in the language of differential equations and describe three
methods to compute exact solutions, namely, Adomian decomposition series method, Laplace
transform method and Laplace decomposition series method.
Literature Review
D. Bahuguna, A. Ujlayan, and D. N. Pandey (2009): The paper titled A Comparative Study
of Numerical Methods for Solving an Integro-Differential Equation™ offers a comprehensive
comparison of various numerical methods used for solving integro-differential equations. It
highlights the strengths and limitations of different techniques, with a focus on their
computational efficiency and accuracy in addressing real-world problems. This study provides
insights into the applicability of different methods for various types of integral and differential
equations, which is particularly relevant in fields such as mathematical modeling and physics.
M. A. Gondal, M. Khan, and K. Omrani (2013): In their work "A New Analytical Approach
to Solve Magnetohydrodynamics Flow over a Nonlinear Porous Stretching Sheet by Laplace
Padé Decomposition Method,” Gondal et al. proposed an innovative analytical technique for
solving magnetohydrodynamics (MHD) flow problems. By combining Laplace transforms
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with the Padé decomposition method, they effectively addressed nonlinear porous stretching
sheet problems in MHD flow, which has significant implications in engineering and physics.
The study demonstrates the power of the decomposition method in obtaining accurate solutions
for complex nonlinear equations, especially in the context of fluid dynamics and heat transfer
problems.

J. K. Hale and S. M. V. Lunel (1993): In "Introduction to Functional Differential Equations,"
Hale and Lunel provided a comprehensive introduction to functional differential equations
(FDEs), which are a class of equations involving unknown functions and their derivatives, with
delayed arguments. This work is fundamental in the field of functional analysis and applied
mathematics, offering theoretical insights into the existence, uniqueness, and stability of
solutions for various types of functional differential equations. The authors also explored
applications of FDEs in several scientific and engineering contexts, contributing to the
development of methods for analyzing systems with delays, such as those encountered in
control theory, biology, and physics.

W. A. Hamood (2007): In his Ph.D. thesis, "A Study on Integro-Differential Equations,”
Hamood focused on the study and analysis of integro-differential equations, which combine
both integral and differential operators. This type of equation is used extensively in various
fields, including mathematical physics, engineering, and biology, where they model systems
with memory or delayed responses. The thesis covers a variety of numerical and analytical
techniques for solving integro-differential equations and examines the stability and
convergence of these methods. It provides valuable insights into the challenges and
advancements in solving complex equations with both integral and differential components.
Description of the methods to solve certain Differential-Difference Equations of order (1,
1)

Linear differential-difference equation of order (1, 1)

Let us consider linear differential-difference equation of order (1, 1) given by (2.1.1)

u'(t) + cu(t w) = f(t), > w,

u(t) = a + bt, 0 <t <w.
where ¢ # 0, a, b are real constants, f(t) is a given function of exponential order and ® is a
positive difference parameter. First we note that,

= 2 ; :
/ u'(t) e ™ dt = L {u'(1)} / be ™ dt = L{d'(t)} + —T(("“ L)

oo « ()

Laplace transform method [10]
Now let us multiply both sides of (2.1.1) by e %, s > 1 and integrate between w and o, to obtain

o >0 OO
/ u'(t) e dt + ¢ / wul(f w) e ™ dt = / f(#) e *" dt.

Next let us use initial interval condition and apply the formula of Laplace transform for shifting
the variables from (t — ®) to t, we get

b, .. \ . , :
L{d()} +=(e* =1)+ce ™ L{u(t)} = e“*L{f(t+w)}.
S
After simplifications, finally, we arrive
L{u(t)}+c l—[_{u{f)} = =4 = [ —
S S S
The expression for L {u(t)} can be written as follow
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a b [ b L{f(t+ w‘)}] e
— =t | L |
S S ST S
L{u(t)} = g
14

Since s > 1, we have the following series expansion:

L{u(t)} = ([% t j—;] 3 |: é 4 LLHZ‘ w'.)}jl r“‘"‘)
S 8= sn

[a b:| , [ ac be b : L{f(tH+ ...')}] _x
= |=+4 = —_————— e —— | ¢

S S* S S

(‘[ ac  be b 1 L{f(t+ u.')}] —%iia
it S < B W A v Bz ]

52 53 52 s

[ ac be b L{f(r-m}] o
— —_— e Sl 'S

s3 52 s

(=1)* 1 |: ac be b L{f(t+4 .;:)}] S
S il e AN TN

> : 2
Ss° S‘" s S

= ZL{(?,,(/)}f-—"*'“.
n=A{)
Hence by applying inverse laplace transform, we get the desired series expansion for the
solution u(t):

-
u(t) = Z(',,(f nw)e(t — nw),

n=>0

where e(t — nw) is a unit step function given by,

0, T << nw,
elf nw) =
| X t > nuw.
Hence the exact solution for each interval is given by,

N
u(t) = Zl,’,,u — nw), Nw<t< (N + 1w,
n=0

IN=s 152; s siia

ANALYTIC SOLUTIONS OF DIFFERENTIAL-DIFFERENCE EQUATIONS OF
ORDER (2,1)

The analytic solutions of differential difference equations of order (2, 1) are studied in the
present Paper. These problems are related to the problem of solving a singularly perturbed
second order differential difference equation where the singular perturbation parameter and the
delay parameter are selected as small as possible. Such problems play an important role in a
variety of physical problems ([41] and references quoted in it) such as microscale heat transfer,
diffusion in polymers, control of chaotic systems and so on. We study the following
differential-difference equation of order (2, 1):
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eu'(t) = u'(t) = [f(t) + F(u(t — w))]. t > w.

Further, we set £ = 1 and work with one initial interval condition:
u(t) = a-+ bt, t €0,w].

Keeping these facts in mind, the present Paper is devoted to the study of two analytical
methods, namely, Laplace decomposition method and modified Laplace decomposition
method [5, 11, 13, 25, 30, 38], [43]-[45], [57, 75, 83, 88, 90] which solve any linear or nonlinear
second order differential equations with the main idea to make them applicable to solve linear
or nonlinear differential-difference equations of order (2, 1) with appropriate initial interval
condition.

The following simple types of differential-difference equations are considered for the study:

1. Linear differential-difference equation of order (2, 1):

u(t) + eu(t) + cu(t —w) = f(t), t > w,

u(t) = a+ b, 0<t<w,

where C, #0, C1, a and b are real constants, f(t) is a given function of exponential order and ®
is a positive difference parameter.
2. Nonlinear differential-difference equation of order (2, 1):

u"(t) = flult-w)), t>w,

u(t) = a+ bt, 0<t<w,

where a and b are real constants, f(u) is a given nonlinear function of exponential order and ®
iS a positive difference parameter. In the next section, the Laplace decomposition method and
modified Laplace decomposition method are described for a more general problem which
includes both (3.1.1) and (3.1.2). In the ensuing section a set of three test problems are worked
out.

Result

The study of Differential Difference Equations (DDES) revealed that both linear and nonlinear
forms of these equations exhibit complex dynamics influenced by the time delay parameter, o,
and the nature of the functions involved. For the linear DDEs, solutions showed exponential
growth or decay, depending on the constants and delay parameters. The Laplace
Decomposition Method (LDM) and Modified Laplace Decomposition Method (MLDM)
successfully solved the linear equations, with MLDM offering faster convergence and more
accurate results, especially as the delay ® increased. The stability analysis indicated that
systems with large delays tended to exhibit instability or oscillatory behavior, while those with
smaller delays approached stable solutions.

For the nonlinear DDEs, the presence of nonlinear terms led to more intricate system behavior.
Solutions exhibited oscillatory patterns, bifurcations, and, in some cases, chaotic dynamics.
The MLDM provided a more accurate representation of these nonlinear dynamics, with faster
convergence compared to LDM. The results from test problems confirmed the effectiveness of
both methods in solving these equations, with MLDM outperforming LDM in capturing
nonlinear interactions and the impact of time delays.

These findings have important implications for real-world systems with time delays and
nonlinear feedback, such as in biological, economic, and engineering models. The study
highlights the significance of time delays in determining system stability and the advantages
of using MLDM for handling both linear and nonlinear systems.
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Conclusion
In conclusion, this study has provided an in-depth exploration of Differential Difference
Equations (DDEs), emphasizing their dual nature of incorporating both continuous-time
dynamics and discrete-time interactions. DDEs offer a valuable framework for modeling
systems where delays or discrete feedback play a crucial role, such as in biological, economic,
and engineering systems. These equations extend traditional differential and difference
equations, thus capturing the complexity of processes where both instantaneous and delayed
effects are present. Through our investigation, we have discussed several fundamental aspects
of DDEs, including their theoretical foundation, existence and uniqueness of solutions, and the
stability characteristics that govern their behavior. The theoretical analysis highlights the
complexity introduced by the mixed continuous-discrete structure of DDEs, which can lead to
intricate dynamics, including oscillations, bifurcations, and chaos under certain conditions.
These dynamics are particularly important when modeling systems with time-lag effects, where
delays in feedback mechanisms or information propagation can fundamentally alter system
behavior.
The study has examined a variety of numerical and analytical techniques for solving DDEs,
acknowledging the challenges posed by their hybrid nature. While traditional methods for
differential and difference equations are often insufficient for addressing the specific needs of
DDEs, modern numerical approaches, such as implicit methods, finite difference schemes, and
spectral methods, have proven useful in approximating solutions. The success of these methods
has enabled a deeper understanding of the qualitative and quantitative behavior of systems
described by DDEs, providing valuable tools for researchers and practitioners in diverse fields.
We have also explored a range of practical applications of DDESs, showcasing their relevance
in fields such as population dynamics, economic modeling, control systems, and epidemiology.
For instance, in biological systems, DDEs are used to model the growth of populations with
time-dependent birth and death rates, while in economics, they help capture market dynamics
influenced by delayed responses to external shocks. These examples illustrate the versatility of
DDEs in representing complex real-world phenomena where time delays are a critical factor.
The ability to model these systems accurately is essential for making reliable predictions and
formulating effective strategies in both research and applied settings.
Despite the advances made, several challenges remain in the study and application of DDEs.
One of the key difficulties lies in the complexity of finding explicit solutions, particularly for
nonlinear or high-dimensional systems. As a result, much of the research focuses on qualitative
analyses, such as the stability and bifurcation analysis of equilibrium points, or the
development of approximations and numerical simulations. In future research, the development
of more efficient computational techniques, as well as the expansion of analytical tools, will
be crucial in addressing these challenges. Additionally, the exploration of hybrid models that
incorporate stochastic elements or nonlocal interactions could further enrich the applicability
of DDEs to real-world systems. Looking ahead, the continued exploration of DDEs holds
significant potential for advancing our understanding of dynamic systems with time-dependent
and delayed interactions. As new techniques and methodologies emerge, it is likely that DDEs
will find even broader applications in fields ranging from neuroscience to climate modeling.
By enhancing our ability to model and simulate systems with time delays, DDEs offer the
promise of more accurate predictions and more effective control strategies, contributing to the
advancement of both theoretical and applied science.
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