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ABSTRACT

Fixed point theorems are developed for single-valued and set-valued mappings of
metrics paces, topological vector spaces, posets and lattices, Banach lattices etc., among
the themes of fixed point theory, the topic of approximation of fixed points of mappings
is particularly important because it is useful for proving the existence of fixed points of
mappings. It can be applied to prove the solvability of differential equations,
optimization problems, variational inequalities, and equilibrium problems.
Due to the importance of fixed point theory and the high volume of active research in the
nonlinear analysis, we have done investigations in this field.
The most physical phenomena can be converted into mathematical problems. For
simplicity, one can rewrite the mathematical problem into fixed point
problem/iterative equation. To find the solution to the original problem, it is enough to
find the fixed point for new (iterative) equation.
INTRODUCTION
B.Ahmad and S.K.Ntouyas [AN12] conferred some existence results based on some
standard fixed point theorems and Leray-Schauder degree theory for an nth-order
nonlinear differential equation with four-point nonlocal integral boundary conditions.
Motivated by these studies, in this chapter we have investigated the existence of solutions
of eighth order boundary value problem

y®(x)=@ (x,y(x),y"(x)), 0<x<L

y (0)=y'(0)=y'(0)=y (0= y®(1)= y®)(1)= y©(1)= y("(1)=0,

Where ® € C([0, 1]xRxR,R) and R=(1,1).
We considered the following eighth order boundary value problem under the
assumption that ®€ C ([0, 1]xR xR, R). E = C([0, 1]) with the norm
llyll= max {lyle . Iy |, } where |y] = max |y(x)|for any y€E.
o< x<1 Q.Yao [Yao10] obtained
Green’s function for fourth order differential equations. In this chapter, we
derived Green’s function for eighth order differential equations. The following
Lemma is obtained by using the concept of Lemma 1
Lemma 1. Let f€CJO0, 1]. Then the following eighth order boundary value
problem
y@®) (x)=f(x), 0<x<1
{y (0)=y (0)=y'(0)=y (0= y*®(1)=y®)(1)=y©®(1)=yI(1)=0,

Has the integral formulation

(1)

(2)

y(x)= J, G(x, $)f(s)ds
where G:[0, 1] x [0, 1]-[0, 1)is the Green’s function. By chapter 2, the Green’s
function for eighth order boundary value problem is given by (3)

G(X,8) = ﬁg{ X4 [(s-X)3+4s(s-X)?+10s2(3s-x)], 0<x<s<1,
s*[(x-8)3+4x(x-5)?+10x?(3x-5)],

Lemma 2.For all (x,s)€[0,1] x [0, 1], we have
0<G(x,s) <G(s,s).
Proof. The proof is obvious, so we leave it.
Define the integral operator T:E —E by
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T(y(x)= —— [ s*[(x-8)3+ 4x(x-5)?+ 10x2(3x-5)]f (s)ds

5040
+ —— [ x*(s-X)3+ 4s(sX) >+ 10s?(3s-X)]f (5)ds

By Lemmal, the boundary value problem (1) has a solution if the operator
T has a fixed point in E. Hence to find the solution of given boundary value
problem, it is enough to find the fixed point for the operator T in E. Since T is
compact and hence T is completely continuous.
Let (E,||.]|) bea Banach space, U c E be an open
Bounded subset such that 0€ U and T:U—E be a completely continuous operator.
Then
(1)either T has a fixed pointin U, or
(2)there exist an element x € duand a real number A > 1 such that x= T (x).
Main Results
Here, we proved some important results which will help to prove the existence
of a nontrivial solution for the eighth order boundary value problem (1).
Consider
o€ C([0,1]xRxR, R)
Theorem 1.Suppose that @(x,0,0)=0 and there exists nonnegative functions p,
g, r €L1[0, 1] such that

|(x, y, Z) IOy [+ a(x)|z]+ r(x), ae. (x,y,2)€[0,1]xR xR,

and
[5s+ s®+ 5s*][p(s)+ q(s)]ds< 1.

Then the boundary value problem (1) has at least one nontrivial solution y€E.

Proof. Let
A== [*[587+ 5% 5s*][p(s)+ 4(S)]ds, o

— 1 17, o6 4
B—720f0[55+s+53 Jr(s)ds.

By hypothesis, we have A< 1. Since(x, 0, 0)= 0, there exists an interval [a, b]c[0, 1]
such that mina<x<b|(x, 0,0)|>0and as (x)=> ®|(x,0,0)] a.e. x€[0,1].

Hence B > 0:

Let L=B(1-A)*and U={y€E:|ly|l< L}. Assume that y€ du and A > 1 are such that
Ty=1y.

Then

AL=AY[= Tyl

= max|(Ty)(x)|

0<x<1

< — [ s*[(x-5)*+ 4X(x-5)2+ 10x2(3x-5)]| (s, Y (5), y (5))[ds
b oo [ [(5) %+ 45(5%)7+ 108%(3sX)]| (s, Y (5), Y (5))lds

S;Z()maxfgc s*[(x-5)%+ 4x(x-5)%+ 10x2(3x-5)]|D(s, y(s), Y (s))|ds
0<x<1

+ﬁmax fxl x*[(s-x)°+ 4s(s-x)*+ 10s*(3s-X)]|D(s, y(s), ¥ (s))|ds
0<x<l1
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—— [ s*[(1-5)+ 4(1-5)%+ 10(3-5)]| (s, Y(5), Y (5))Ids

1

L [l 453+ ds(s)?+ 1082(3-5)]|D(s, Y(5), Y (5))lds

= L [[3457+ 755 215%+ 3554|(s, y(5), ¥ (5)Ids

< —— [ [3557+ 75%+ 355"]| (s, y(s), y (5))lds

1

< -1 [1[5s"+ %+ 5s][p(s)ly(S)|*+ G(S)ly ()[+ r(s)]ds

< = [1[5s7+ %+ 5°][p(s) max]y(s)|+ q(s) maxly (S)}+ r(s)]ds

0<s<1 0<s<l
<L [1[5s7+ %+ 5 Ip(S)ly i+ G(S)ly T+ r(s)]ds
< — [ [5s7+ $°+ 5s*][p(s)kyke+ q(s)lly I+ r(s)]ds
_ 1 1
=520k
[5s"+ %+ 55*][p(s)
+q(9)]llyll+ = J, [58™+ 8+ 5s*]r(s)ds

=Ally|[+B=AL+B.
Hence, \L<AL+B

B
B(1-A)"1

x§A+§=A+ —A+(1-4) =1,

which is a contradiction, since A > 1, hence by Theorem3.2.1, T has a fixed

point y €U. Since ®(x,0,0)=0, the boundary value problem(3.1) has a
nontrivial solutiony €E.

Theorem 2. Let @(x, 0,0)= 0 and there exists non-negative functions p, q, r
€ L]0, 1] such that

DX, y, Z)IPClY[+ a(x)[z]|+ r(x) ie (x,y,2)€[0, 1] xRxR.
Assume that one of the conditions given below is satisfied

(1) There exists a constant k> - 5 such that

P(S)+q(s)§ 720(8+k)(7+k)(5+k)sk’ ge 0<s<l1,

11k2+148k+495
7208+ k)7 + k)G +k)
11k + 148k + 495

,u{s € [0,1]: P(s) + q(s) <

where p is a measure.
(2) There exists a constant k> - 1 such that

6 IT7_, (k+0) N
P(S)+q(s) = k3+21k2+152k+594 (1-5)% ael=<s<1],

6 [15-1(k +1) .
BT 21k2 + 152k 1592 L~ (>0

u{s € [0,1]: p(s) + q(s) <

Where isu a measure.

(3) There exists a constant a> 1 such that
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jo b + q)]° < ! , (1+1= 1)

1 1 1 b
1 1 \bo, 1 1 \o, 1 1 \b a
47 (7me1) 7o (errn) 144 (57 1_)
Then the boundary value problem (1) has at least one nontrivial solution y*€E .
Proof. To prove this theorem it is enough to prove A< 1.
Let

A= — [ '[5s™+ s 5s*][p(s)+ q(s)]d
s
(1)Consider,

A= L J)5s7+52+554][p(s)+a(s)]ds

720(8+k)(7+k)(5+k) 1 (1 7 6 M\ ok
— + g%+
11k2+148k+495 [720 fO (55 $°+ 55 )S ds ]

_ _720(8+K)(7+k)(5+K) [Lf1(557+k+36+k+584+k) ds]
11k2+148k+495 720 70
7208+ K7 +K)(5 +K)

5 1 5
11KZ + 148Kk + 495 720<8+k+7+k+5+k)]

_ 7208+ K7 +K)(G+kK)  11k? + 148Kk + 495
© 11k2 + 148k +495 "720(8 + k)(7 + k)(5 + k)

Thus, A< 1.
(2) in this case, we have

1 r1
A=—, £5S7+86+ 5s*][p(s)+ q(s)] ds
6 [157-1(k+i) 7.6 A :
k3+ 21k2+ 152k+594 [720f (55 +5°+58 )(1 S) dS]
k3+21k2152k+594 720 0
61_[1 1 (k+1) 2 K 6(1_c\k 1 eaar1 oYk
k3+21k2+152k+594l720f 5s(1-s)<ds +f (1 3) ds +[; 55'(1-5)“ds]
6 [17-,(k +1) 720 720 x 35

[k3 + 21k2 + 152k + 594] lr[ Gt kD Tkt

<

615 (k+10) [k3 + 21k? + 152k + 594] 3

T k3 + 21k% + 152k + 594 6 1%, (k +0)
Therefore, A < 1.

(3)By Ha lder inequality, we have

As [fol(p(s) +q(s))* ds]l m(f (s7)P dS) %(fol(sf’)b)z + ﬁ(fol(sl*)bds)b

e——

1 1

A< [0+ a5 ) + 5 ) + = )

o=
o=

1
14114 (7b1-|— 1) + 7%0 (6b1+ 1) + 14114 (4b1+ 1>b
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1 1 1
) + s () + )|
DISCUSSION

Here we have given some examples to verify the above results.
Examplel.Consider,

5
Y®(x)= x?y sin [y + gy”cos y" — 5+ e?*, 0<x<1,
y(0)=y’(0)=y”’(0)=y’"’(0)=0,
YO(1)=y®(1)=yO(1)=y")(1)=0.
Set
5
(D(x,y,z)zx?y Sin\/;+\/§ ZC0S z-5+e2* using classical version of Leray-Schauder alternative fixed
point theorem
PO=S, ()=, r(x)=5+e?.

One can easily verify that p, g, reL[0, 1] are nonnegative functions, and
_x° : vx 2x
|D(x,y,2)I=I5y sin,/y + -z cos z-5+e?|
<p()lyl+ a()lz]+ r(x), ae(x,y,z)€[0, 1xR xR.
Also,

A:% f01[557 + 5%+ 55*][p(s) + q(s)]ds

1 (1 5 s
=— [, [557 +5° + 55*](5 +-D)ds

—iflé 12_|_§ 175+£+§+5 9+E§ds

“720 0[25 35 2 3 7325 3s]

899251

" 630115200 o
Thus, by Theorem 1, the boundary value problem (1) has at least one non-trivial

solution y*€E.
Example 2. Consider the problem,
@(x) Y sy 203 | 2y
Y (X/(5+4y3)\/z"osy 7x + Jx COS\/}, OSXSI,
Y(0)=y'(0)=y" 0=y (0)=0.
y“(1)=y® @)= y® D)=y (@)=0.

Set
4 473 | 2
<D(X,y,z)—(5+4yW cosy + % + \/—; — cosx,
1 4 | 2
P(X)zﬁ, Q(X)zm + N r(x)=cosv/x.

One can easily verify that p, g, reL[0, 1] are nonnegative functions, and

4 4 3 2
|<D(X,y,z)|:|(5+4yW cosy + % + F;Zc — cosx|
<p()lyl+a(x)[z]+ r(x), ae (x,y,2)E[01]xRxR.
Hence (2) reduces to

Let k= —% >-5. Then,
7208 + k)(7 + k)(5+ k) _ 631800

11k? + 148k + 495 1695
Therefore,
_ 1 4 2 97 1 21800 -1
P+ AS)= sE+ 7t =55 T e S

u{s € [0.1]: p(s) + 4 (s) < 7208 + k)(7+ k)(5+ k) sk} >0

11k? + 148k + 495
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Where u is a measure. Thus by the Theorem:2 assumption (1), the boundary
value problem (2) has at least one nontrivial solution y*cE.
Example 3. Consider the problem,

(V@ ()= — ¥ o
YR = o S T eon o
Y(0)=y’(0) =y"(0)=0,

e?* 4+ sin3x,0 <x <1,

Y1) = yO(1) = yO(1) = yO(1) = 0.
Set

- - v : "> 2% 4 o
D(X,y,2) = PYEYSWET rwrn LA + PO el + sin3x

= ; = ; — p2X :
P(X) = 4W’ CI(X) =3 (1-x) ,T(X) e“* + sin3x.
Here we can easily prove that p,g,rcL[0,1] are nonnegative functions, and

_ Y3 . z? 2X :
|D(X, Y, 2)| = —4(3+y4)m siny + —(5+Z)W + e“* 4+ sin3x
<SpX)|yl+ ax)lzl +r(x), a.e. (x,y,z)€[0,1] x R xR.
Leta=4>b :§> 1.We have that % + % =1. Then

[ (p(s)+ a(s))ds= [ [4V2+s]“ds=64
0.

Also, we have

1 ! 1 1 a =
Eﬁn}ﬂ)b = >—<>]
1 4
3 3 3
[ﬁ%ﬂ%@ﬂﬁ(ﬁ—g

~9406732117.352

Therefore

[ (p(s)+ 4(s))?< 9406732117.3529

Further, by Theorem 2 assumption (3), the boundary value problem (3:4:4)
has at least one nontrivial solution y*€E.

Conclusion

In this paper, we obtained the results to prove the existence of positive solution for
the eighth order boundary value problem with the help of classical version of Leray-
Schauder alternative fixed point theorem. By applying these results, one can easily
verify that whether the given boundary value problem is solvable or not.
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